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Abstract

Meta learning aims at learning a model that
can quickly adapt to unseen tasks. Widely
used meta learning methods include model-
agnostic meta learning (MAML), implicit
MAML, Bayesian MAML. Thanks to its abil-
ity of modeling uncertainty, Bayesian MAML
often has advantageous empirical performance.
However, the theoretical understanding of
Bayesian MAML is still limited, especially
on questions such as if and when Bayesian
MAML has provably better performance than
MAML. In this paper, we aim to provide the-
oretical justifications for Bayesian MAML’s
advantageous performance by comparing the
meta test risks of MAML and Bayesian
MAML. In the meta linear regression, un-
der both the data agnostic and linear cen-
troid cases, we have established that Bayesian
MAML indeed has provably lower meta test
risks than MAML. We verify our theoretical
results through empirical experiments.

1 INTRODUCTION

Meta learning, also referred to as “learning to learn”,
usually learns a model that can quickly adapt to new
tasks (Thrun and Pratt] [1998; [Hospedales et al.| [2020;
Vilalta and Drissi, [2002; Vanschoren, [2018}; Bengio
et al.| 1991} |Schmidhuber} [1995; Hochreiter et al., [2001)).
The key idea of meta-learning is to learn a “prior”
model from multiple existing tasks with a hope that
the learned model is able to quickly adapt to unseen
tasks. Meta learning has been used in various machine
learning scenarios including few-shot learning (Snell
et al.l [2017; |Obamuyide and Vlachos, 2019)), contin-
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Figure 1: MAML (left) and Bayesian MAML (right).

ual learning (Harrison et al.l 2020; [Javed and White,
2019), and personalized learning (Madotto et al., |2019).
In addition, meta learning has also been successfully
implemented in different data limited applications in-
cluding language and vision tasks (Achille et al.| |2019;
Li et al.) [2018}; [Hsu et al., |2018; [Liu et al.l |2019; Zint{
graf et al., |2019; [Wang et al.; |2019; |[Obamuyide and
Vlachos|, 2019)). One of the popular meta-learning ap-
proaches is the model agnostic meta-learning (MAML)
method (Finn et al.l 2017; [Vuorio et al,|2019; Yin et al.|
2020; (Obamuyide and Vlachos, [2019), which learns an
initial model that can adapt to new tasks using one
step gradient update. Despite its success, MAML still
suffers from overfitting when it is trained with few data,
which motivates Bayesian MAML (BaMAML) (Grant
et al.l 2018} [Ravi and Beatson, |2019; [Yoon et al., 2018).
Instead of point estimation of task specific model pa-
rameters, as in MAML and its variants (Rajeswaran
et al.l2019)), BaMAML obtains a posterior distribution
of task specific parameters as a function of the task
data and the initial model parameters, as illustrated in
Figure [1] For example, in 5-way 1-shot classification
on TieredlmageNet, BaMAML has 35.2% performance
gain over MAML in terms of accuracy (Nguyen et al.
2020)). In spite of BaMAML’s impressive empirical
performance, its theoretical understanding is still very
limited, no need to mention a sound justification for
its performance gain over MAML. In this context, this
paper aims to answer the following question:

Is Bayesian Model-Agnostic Meta Learning Better than
Model-Agnostic Meta Learning, Provably?

In an attempt to provide an affirmative answer to this
question, our paper analyzes the meta-test risks of one-
step MAML and BaMAML to make a fair comparison
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between them. In a high level, our theoretical results
suggest that compared to one-step MAML, BaMAML
1) harnesses flexibility in the trade-off between prior
and likelihood based on their quality to improve model
adaptation capacity; and, 2) leverages the posterior
distribution instead of a point estimation in inference,
which allows model averaging to reduce variance.

1.1 Related Works

To put our work in context, we review prior art that is
grouped into the following categories.

Meta-learning. Early works of meta learning build
black-box recurrent models that can make predictions
based on few examples from new tasks (Schmidhuber,
1993 [Hochreiter et al. |2001; |[Andrychowicz et al., 2016
Chen et al.l 2017, or learn shared feature representa-
tion among multiple tasks (Snell et al., 2017} [Vinyals
et al., |2016). More recently, some methods have been
developed to find the initialization of model param-
eters that can quickly adapt to new tasks with few
optimization steps (Finn et al., 2017; [Nichol et al.,
2018; [Rothfuss et al., [2018). The empirical success of
meta learning has also stimulated recent interests on
building the theoretical foundation of these methods.

Theory of meta-learning. One line of theoretical
works study the convergence of meta-learning algo-
rithms under different settings. These works include
analysis of the regret bound for an online meta-learning
algorithm (Finn et al.,[2019), the convergence and sam-
ple complexity of gradient based MAML (Fallah et al.|
2020), sufficient conditions for its convergence to the
exact solution for an approximate bilevel optimization
method (Franceschi et al.| 2018), sample complexity for
a bilevel formulation for meta-learning, named implicit
MAML (iMAML) (Rajeswaran et all) 2019)), and the
global convergence guarantee of MAML with overpa-
rameterized deep neural nets (DNNs) (Wang et al.l
2020albl).

Another line of works analyze the generalization er-
ror bound of meta learning methods under different
settings based on their optimization trajectory. For
instance, meta-learning in the linear centroid model for
ridge regression (Denevi et al., [2018), MAML with suffi-
ciently wide DNNs (Wang et al.l [2020a), meta-learning
in online convex optimization (Balcan et al, [2019)), and
MAML for strongly convex objective functions on re-
curring and unseen tasks (Fallah et al. [2021]). Recently,
information theoretical generalization error bounds of
meta learning are also proposed by |Jose and Simeone
(2021); |Rezazadeh et al.| (2021);|Jose et al.| (2021);|Chen
et al.| (2021), which bounds the meta learning general-
ization error in terms of mutual information between
the input meta-training data and the output of the

meta-learning algorithms rather than gradient norm of
the algorithms during optimization.

Our work is also inspired by several pioneering works
that analyze the optimization, modeling and statistical
errors of meta-learning methods. Gao et al. (2020)
study the modeling and optimization error trade-off
in MAML and compare the trade-off with that of em-
pirical risk minimization (ERM). Collins et al. (2020)
further analyze the effect of different factors on the
optimal population risk, such as task hardness in task
landscape. Bai et al. (2021) study how the dataset
split between the training and validation affects the
performance of iMAML under a noiseless realizable
centroid model. But none of them tackle the meta-test
risk of BaMAML. Furthermore, from the technical as-
pect, compared to Bai et al.| (2021, our analysis does
not require strong assumption on noiseless realizable
model; compared to|Gao and Sener|(2020), our analysis
provides a sharper characterization of statistical error
bound in the high-dimensional asymptotic case.

Bayesian model agnostic meta-learning. From a
hierarchical probabilistic modeling perspective, learn-
ing the initialization in MAML is tantamount to learn-
ing the prior distribution of model parameters shared
across different tasks (Grant et al.,[2018]), which leads to
a hierarchical Bayes formulation that we call BaMAML
thereafter. Empirically, they have better performance
in few-shot meta learning settings and tend to reduce
over-fitting in the data-limited regimes. Several vari-
ants of BaMAML have been proposed based on different
Bayesian inference methods (Grant et all 2018 [Finn
et al. [2018; [Yoon et al. [2018} |Gordon et al., 2018}
Nguyen et al [2020)). Despite the superior empirical
performance of BaMAML methods compared to non-
Bayesian ones, very few works study their theory. A
related line of works extend the PAC-Bayes framework
to meta learning (Amit and Meir, [2018; |Rothfuss et al.|
2021} [Ding et al.l [2021} [Farid and Majumdar} [2021)), to
provide a PAC-Bayes meta-test error bound. Different
from the PAC-Bayes framework that bounds the Gibbs
risk, we bound the Bayes risk (Sheth and Khardon)
2017)). While these works provide the meta-test error
bound for BaMAML, exactly when BaMAML is prov-
ably better than non-Bayesian methods are not fully
understood. Different from these works, we explicitly
compare MAML and BaMAML in terms of meta-test
error, consisting of the optimal population risks and
statistical errors.

1.2 Owur Contributions

The goal of this paper is to provide justification on the
observed empirical performance gain of BaMAML over
MAML. Our contributions are summarized below.
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C1) Under the meta-linear regression setting, we de-
compose the meta-test risk into population risk
and statistical error terms, which capture the bias
and variance of the estimated parameter, respec-
tively. We prove that BaMAML with proper choice
of hyperparameters has smaller optimal population
risk and dominating constant in statistical error
than MAML, therefore smaller meta-test risk.

C2) With additional linear centroid model assumption
for task data distribution, we prove that BaMAML
has strictly smaller dominating constant in statis-
tical error than MAML in the high dimensional
asymptotic case.

C3) We conduct simulations on meta linear regres-
sion to verify our theory. And we also perform
experiments beyond linear case, where similar con-
clusions can be drawn.

Our theoretical analysis justifies BaMAML for reducing
the optimal population risk and statistical errors, thus
the meta-test risk. And to our best knowledge, we
are the first to make a comparison between MAML
and BaMAML, which is complementary to existing
works (Gao and Sener], [2020; (Collins et al., [2020]) that
compare MAML against empirical risk minimization.

2 PROBLEM DEFINITION AND
SOLUTIONS

In this section, we first introduce the general meta-
learning setting and the formulations of two meta learn-
ing methods, MAML and BaMAML. Then we focus on
meta-linear regression, where solutions to the empirical
and population level risks are obtained in closed form.

2.1 Problem Setup

In our meta-learning setting, assume task 7 are drawn
from a task distribution, i.e. 7 ~ 7T, with input features
x, € X, C R% and target labels y, € ). C R. For
each task 7, we observe N samples drawn i.i.d. from
P, in the dataset D, = {(Xr.n,Yrn) 2 1, and D, is
divided into the train and validation datasets, denoted
as DU and DY?!, respectively. Here |DY™"| = N; and
|DYa!| = Ny with N = Ny + Ny. Given the data D, we
use the empirical loss £, (h., D) of per-task hypothesis
h, € H, as a measure of the performance.

And the goal for initialization based meta learning
methods, such as MAML (Finn et al., 2018) and Ba-
MAML (Yoon et al., 2018), is to learn an initial pa-
rameter Oy € @, which, with an adaptation method
and the training data, can produce a per-task hy-
pothesis k., that performs well on the validation data

for task 7. Formally, for a meta-learning method,
A Oy x (X, x V)M — H., represents the adap-
tation method or base-learner. Given T tasks with
corresponding data, our meta-learning objective is to
find 6y that minimizes the empirical loss, given by

T
£A(00,D) = 2 3 £-(AB, DY), D). (1)
T=1

And the corresponding meta-test risk is defined as the
expectation of the per-task loss £, over the task and
data distribution, given by

RA(60) =E,[Ep, [¢- (A6, DE™), D¥M]].  (2)

Denote X 1= [x,1,...,x,n]" € RVXd yall .=
[Yr1,---,yrn] T € RY for ease of discussion, where “all”

can also be “trn” for training and “val” for validation
with V7 and N, data points, respectively. Throughout
the discussion of this paper, we adopt a probabilistic
perspective (Grant et al.| 2018; |[Finn et al., [2018)), with
£ defined as the negative log likelihood, given by

rn va. 1 va. va. rn
ET(A(O(%D:' )7DT I)Z_E lng(yT 1|XT 170071):' )
1 va. va. rn
=— Elog/p(yf X5, 6:)pa(6- | 60,D7)dO, (3)

where pa(0, | 609, D) is the posterior distribu-
tion induced by A. And the likelihood p(y¥® |
Xyal g Dim) = HnNil P(Yrn | Xrn,0:). Note that,
for a point estimate method A, such as MAML, the
posterior distribution p4 (6, | 69, DY) reduces to a
Dirac delta function §(0, —0A). And A specifies a map-
ping from the initial parameter 8y to the task-specific

parameter (8, D).

In the meta training stage, we obtain é()“ by minimiz-
ing under each meta learning method A. And in
the meta testing stage, we evaluate the test error of
64 on for different methods.

Methods. We proceed to introduce the general
formulations of MAML and BaMAML. Considering
MAML with one step gradient update as the baseline
method for meta-learning (Finn et al.| [2017)), the task-
specific parameter §™2(6y) is obtained from the initial
parameter 6y by taking one step gradient descent with
step size « of the per-task loss function ¢.. Combined
with the empirical loss defined in , we have

the empirical loss of MAML is given by

T
1 ~
£7(80,D) = 7 > (07 (60, D), D) (4)

T7=1

~ (0%
s.6. 67°(60, Dy™) = 00 — 5 Ve, L- (60, D).
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BaMAML obtains an approximation of the posterior
distribution p(@, | D™, 6) instead of a point estimate
62(80, D). In general, the true posterior distribu-
tion can be difficult to compute exactly. Alternatively,
the approximate distribution p(0, | D¥™",60,) can be
obtained via variational inference (Nguyen et al.l |2020]),
Markov chain Monte-Carlo sampling or Laplace ap-
proximation (Grant et all [2018). Here we adopt the
variational inference formulation, by minimizing the
divergence between the approximate and the true poste-
rior distribution. Define Dky,(+||-) as the KL-divergence
between two distributions, we have

the empirical loss of BaMAML is given by

T
Ze (5(6- | DE™,8,), D) (5)

L"*(69, D)

s.t.p(6-|D7™, 69) =arg min D, (¢(6-)[|p(6-| D™, 60))
q(0-)€EQ

It is worth mentioning that BaMAML formulation in
this paper contains iMAML, or iIMAML (Rajeswaran
et al., 2019) as a special case. Therefore, results ob-
tained for BaMAML naturally implies the results for
iMAML with small difference. We point out this reduc-
tion in the next remark, and provide detailed discussion
in the appendix.

Remark 1 (Reduction to iMAML) When Q is
chosen to be the set of Dirac Delta functions and the
KL-divergence in s replaced by the cross entropy,
then reduces to

p(8: | D™, 60) = 6(6 — 1), (6)
with ™% = arg maxg p(0; | DY, 6)).

2.2 Meta Linear Regression

Data model. Under the meta linear regression set-
ting, with the feature x, € R?, the target 3, € R, and
the ground truth parameter of task 7, &' € R?, we
assume the data generation model for task 7 is

r = 08 Tx te, with e, BN (0,62),Q, =E[x.x/].
(7)

Given the estimate of %' denoted as 6, then the
conditional probability p(y; | X, 024) = N (0ATx,,02).
T hus7 ignoring the constant, the negative log likelihood
in ([B), —logp(y¥® | X¥al 0.), becomes the squared
error Hy"al XYalg_||2. Note that o, depends on task
7 generally, but does not add to challenges in analysis,
therefore we assume o, = 1 in this paper for simplicity.

By plugging é;“ into (2)), and with the squared error
as the meta-linear regression loss, the empirical loss,

meta-test risk along with their optimal solutions can be
computed analytically with closed-form, whose deriva-
tions are deferred to the appendix. We summarize the
results for different methods in Proposition [I} where
the optimal solutions for MAML derived in previous
work (Gao and Sener}, 2020) are also included.

Proposition 1 (Empirical and population level
solutions) Under data model (7)), the meta-test risk
of method A can be computed by

RA(00) = E- [[|80 — 02" [|3y.4] + 1. (8)
The optimal solutions to the meta-test risk and empiri-
cal loss are given below respectively

;' :=arg min R4 (0p) =E, [W] “'E, [(W69] (9a)
6o

;' == argmin £4(6,, D)
0o

_ (iw;“)_l(iw;“azt) + AR (9b)

where the error term A% is a polynomial function of
T,N,d caused by the noise €, and specified in the ap-
pendixz. And QT,N = %XiHTXaH. The weight matri-
ces of different methods, WA and W;“, are given in
Table [

Note that, in the meta linear regression case in Propo-
sition [[, BaMAML further assumes the prior distri-
bution 0, ~ N (8p,1/v) with v, = vN7, resulting in
the weight matrices Wb, Wba in Table [1| depending
on 7. The posterior follows a Gaussian distribution,

p(0; | DE™,00) = N (ue., e, ), where the parameters
Y. and pg, are given by

Lo, = (N1Qrn, +7D) 7, (10a)

po, = So, (X Tyt™ 4+ ,60). (10b)

If p(0, | D™, 6y) € Q, then p(O, | D™, 80y) = p(0. |
D™ 6y), Wthh holds for the meta hnear regression
case analyzed in this paper, with Q specified as the set
of Gaussian distributions.

Next, we will use the closed-form solutions of different
methods in Proposition [1| to compute their generaliza-
tion errors in Section

3 META-TEST RISK ANALYSIS

In this section, we will compare the meta-test risk
of MAML and BaMAML. By the definition of the
meta-test risk R4 in , it can be decomposed into
the optimal population risk and statistical errors, as
summarized in Proposition [2}
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Table 1: Weight matrices for the closed form solutions of method A.

Method

Weight matrices

MAML (Gao and Sener} [2020)
Wina —

nga = (I - aQT)QT(AI - aQT) R
(I — aQT,Nl)QT,J\b (I — O‘QT,Nl)

BaMAML

W =((57)7Q +0)'Q, (7 'Q, + )
W = ((s9)7'Qrn +D7'Qrn, (77 Qrn, + D7

Proposition 2 (Meta-test risk decomposition)

In meta-linear regression, the meta-test risk for

method A can be decomposed into optimal population

risks and statistical errors, given by

RA(65') = RAG) + 105" — 6515, rwa) - (11)
| I |

optimal
population risk

statistical error £2(0g")

Invoking the definition of 63 in as the optimal
solution for ming, R*4(6y), the optimal population risk
RA(6') is defined as the minimum meta-test risk,
which captures the error resulting from limited model
adaptation capacity. On the other hand, the statistical
error captures error resulting from using finite samples
instead of population statistics. We will next show that
both errors are smaller under BaMAML than those
under MAML in Sections [B.1] and 3.2

3.1 Optimal Population Risk Analysis

We first analyze and compare the optimal population
risk of different methods. Before proceeding to the
theoretical results, we make the following basic as-
sumptions.

Assumption 1 (Bounded eigenvalues) For any T,
0 < XA < XNQ;) < A, where A\(Q;) represents the
eigenvalues of Q..

Assumption 2 (sub-gaussian task parameter
and features) The ground truth parameter 0" is inde-
pendent of X, and satisfies that the individual entries
{9%; — Oéi il rem) @ independent and O(R/~/d)-
sub-gaussian. In addition, |E[08" — 0g']|| < M. The
entries of the inputs ||x, ;|| < K. R, K are constants.

Note that, these assumptions can be easily satisfied
in data generation model by controlling the hyper-
parameters. And they are also standard in analyzing
the optimal population risks for meta-linear regres-
sion (Gao and Sener} 2020; |Collins et al., 2020).

Next we will show in Theorem [2| that one can always
find a range of the regularizer weight v such that
BaMAML has smaller optimal population risk than
MAML.

Theorem 2 (Optimal population risks) In the
meta-linear regression with data model (7)), re-
call that OF* and O5* are the minimizers of
R™2(0; ) and RP*(0;7), respectively. Define r™? =
min, R(OF* a) — 1 > 0, Cg := max{((M + ||0§"[)* +

R2) (04032 +£2)*). Under Assumptions[ ]
when 7y satisfies

0<vy< ((rma)_%CgX% - 1)_13\ (12)

BaMAML has smaller optimal population risk, i.e.

RP2(00%;7) < min R™*(O*; ). (13)

Theorem [2] states that regardless of the choice of a, we
can always find v > 0 such that the BAMAML method
has smaller meta-test risk than the MAML method.

Note that, the choice of v represents trade-off between
adaptation speed and optimal population risk, because
02(6,) is a weighted average of the prior 8y and the
ground truth paramter 68'. The larger v, the higher
weight for the prior 6y, then the closer the initial pa-
rameter @y is to the optimal 8°2(6), and the faster
the adaptation speed. On the other hand, the larger
v, the larger the optimal population risk is. This in-
spires us to select model hyperparameter based on our
practical needs for the specific problem. Combined
with the optimal population risk of ERM (or modeling
error in the paper) established in|Gao and Sener| (2020)),
our Theorem [2] also implies that BaMAML has lower
optimal population risk than ERM.

3.2 Statistical Error Analysis

We next study and compare the statistical errors of
different methods defined in . We first bound the
statistical errors of MAML and BaMAML methods.

Theorem 3 (Statistical error of MAML) Suppose
Assumptions [I{ hold. Assume M s close to zero,
which can be achieved when different tasks have similar
Q., for example, when input feature normalization is
performed. Denote || -||op as the operator norm. Define
function

cgt =linf Amin (W] 7! [sup Amax (W) (14)
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and define o as a higher order term given by

(e + 1+ )O3 +04/2)- (15)

With probability at least 1 — Td~'°, we have

Q:

2 Ama R2 ma d ma
Enal00) < ?Co + ﬁq +o (16)
where C§'* is given by , and

Ca =(1 — aXN)* (1 — aX) 2N 71N2

Cpt =57 4 (1-8)7 (1 —ad)2?NA7 (17a)

Analogous to Theorem [3] we bound the BaMAML
statistical error next.

Theorem 4 (Statistical error of BaMAML) Sup-
pose Assumptions hold. With probability at least
1 —Td 1%, we have

d

_ ba 1
+TN01 +o (18)

nba R2 a
£2,005) <

where o is given by , Ch* is given by , and

Co* =L+ )7 1+ () TIA)2A TN

cha =1. (19a)

Theorems [3 and [ show that the statistical errors of
MAML and BaMAML have similar decreasing rates,
that is, O(T~!) and O(N~!). The difference lies in
their coeflicients. For the dominating constants Cj™®

in (17a) and CP* in (194)), given any «, choose
1. -
v < min{A, 5)\_12\25(1 —a))?(1—-a))"'}  (20)

then C* > Cb». In terms of the dependence on N,
given any «, since Ci"® > s71 > 1, thus CI"® > CP?,
i.e. MAML has larger coefficients than BaMAML.
Therefore the statistical error of BaMAML is lower
when N is small, which is typical in few-shot learning.
Nevertheless, Theorems[3|and [f] only give the worst-case
upper bounds of the statistical errors of two methods,
which can be inaccurate in some cases. To precisely
characterize the statistical errors of BaMAML and
MAML, we will provide sharper analysis next based
on an additional assumption.

3.3 Sharp Statistical Error Analysis

To precisely quantify the dominating constants in the
statistical error, we further make assumptions on the
task and data distributions.

Assumption 3 (Linear centroid model) 1) The
inputs are standard Gaussian: X, ; id N (0,1;). Then
Q, =14, therefore W2 = w41,. This implies that for
different methods, the optimal initial parameters are
the same, that is, 05 = E.[0%"]. 2) The ground truth
parameter 68 is independent of X, and satisfies

R2
=1 ()

Bgee [(02 - 07) (65— 67) '] = =

where R is a constant, and the individual entries {052 -
05, Yicla),rer) are i.i.d. mean-zero and O(R/V/d)-sub-
gaussian.

Note that Assumption [3| has also been used in [Bai
et al.| (2021); [Denevi et al.| (2018), whereas we do not
make the noiseless realizable assumption compared
to |Bai et al.| (2021)), thus less restrictive. Based on this
assumption, we can obtain the dominating constant
exactly, as stated in Theorems [f] and [6]

Theorem 5 (Statistical error of MAML) Suppose
Assumptions [1[3 hold, T = Q(d),d/N =n > 0, and
a > 0. Define

1 ~ 1 . .
wa = Str(BW]), Cgli= (B [WH] E[(W)?])
With probability at least 1 —Td~'°, the statistical error
n under MAML satisfies

£2.(00) = R—2w Cma 4 iw oM 4o (22)
ma 0 T ma™~'( TN ma™~'1
where ¢ 1is given by . The dominating constant
Cy satisfies

inf  lim CF*=1+n. (23)
a>0 d,N — oo
s €(0,1) d/N —-n

Similarly, we can obtain the concentration of the sta-
tistical error of BaMAML.

Theorem 6 (Statistical error of BaMAML) Sup-
pose Assumptions hold, T = Q(d),d/N =n > 0,
and v > 0. Then with probability at least 1 — T'd~'°,
the statistical error in under BaMAML satisfies

. R? - d -
E2(05%) = 7wbacga + ﬁwbaC})a +o  (24)
where o is given by . In addition, the dominating
constant C* satisfies

. . e ) =1

inf  lim Cg’d{ ’
¥y>0 d,N — oo <

s € (0,1) d/N —n
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Figure 2: Contour plots of the probability that the BaMAML estimate has lower expected loss than the MAML
estimate The axes are the log number of tasks (log;, 7)) and the log number of data points (log;y N) used for
meta-test optimization, and the values of a,y are given in subfigure titles.

Theorems [f] and [] state that when T, d are large and
T = Q(d), the statistical errors of MAML and Ba-
MAML are dominated by R?/T times C** and Cp?,
respectively. Therefore we can compare the statistical
errors of MAML and BaMAML based on the optimal
hyperparameters «,y and split ratio s below.

Corollary 1 (Dominating constants in statistical
errors) The dominating constants in the statistical
errors of MAML and BaMAML satisfy

inf  lim CF*> inf lim CP*.  (26)
a>0 d,N — o ¥y>0 d,N — oo
s € (0,1) d/N —n s € (0,1) d/N —n

Corollary[1]justifies the provable benefit of BaMAML in
terms of strictly smaller statistical error, contributing
to smaller meta-test risk. This is achieved in the high
dimension limit regime as d, N — oo and d/N — 1,
which is common in the overparameterized case.

4 EXPERIMENTS

In this section, we present empirical experiments on
synthetic and real datasets to verify our theorems. For
synthetic datasets, we perform linear and sinusoidal
regression. For real datasets, we use minilmageNet.
By default, the experiments are repeated 5 times with
the average, best and worst performance displayed.
In our experiments, we also use ERM as a baseline
for comparison. In the meta learning setting, ERM
minimizes the average loss over all data, its meta-test
risk and optimal solutions can be obtained by tak-
ing @ = 0,N; = 0, Ny = N in that of MAML
land Sener} [2020). More results can be found in the
supplementary material.

4.1 Linear Regression

Experiment settings. For linear regression, we
generate synthetic data according to the following
task parameter V ~ U(SO(d)), 0, ~ U([0,2]%), A, ~
U([0.1,2]%),Q, = Vdiag(A,)V ", x, ~ N(0,Q,), and

«a T =20,N =20

S
=]
n
n
[N}
)
n

~

(=)}

w

Modeling error
w o~

Meta-test risk decomposition

- - - ERM
2 05 MAML
BaMAML
1 LJ—=—n |
-5 0 5 0 0.5 |

logy(7) s

(a) R(8") v.s. a,y (b) R(6") v.s. s

Figure 3: Optimal population risks R(63') v.s. a7,
and meta-test risks R(63!) v.s. train validation split
ratio s for ERM, MAML and BaMAML. In Figure [3H
the lighter color bars represent the meta-test risks and
the darker color bars represent the statistical errors.

data model in @, where SO(d) is the special orthogo-
nal group in dimension d.

Results. We present experiments for d = 1. To
compare the meta-test performance of MAML and Ba-
MAML, we present contour plots of probability that
BaMAML has lower loss than MAML in Figure [2
where darker blue represents higher probability that
BaMAML is better than MAML, and darker green vice
versa. The results indicate that with sufficient adapta-
tion tasks or data, and proper choice of v, BaMAML
performs better than MAML in terms of test error.

In Figure we report the meta-test risks for
MAML and BaMAML under different hyperparame-
ters «,v. Figure [3a] shows that with proper choice of
hyperparameter v, BaMAML can achieve lower meta-
test risk than MAML, verifying Theorem 1. Also, when
v — 0, the meta-test risk of BaMAML approaches 1,
and when 7 — oo, the meta-test risk of BaMAML
approaches that of ERM. This further demonstrates
the trade-off between fast adaptation and optimal pop-
ulation risk (meta-test risk) that depends on 4. On
the other hand, MAML is relatively more sensitive to
the step size. Too large step size a can lead to very
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T=10,s=05

N=10,5s=05

N — logyy T'

theoretical rate
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——MAML
BaMAML

log, [[60 — éu”%

1 2 3 4 s 1 2 3 4 5
log,, T

Figure 4: Statistical error v.s. N and T for ERM,
MAML and BaMAML. The dotted line serves as a
reference of the theoretical decay rate.

large meta-test risk of MAML, going beyond that of
ERM. Besides, we can see from the empirical optimal
solution that, contrary to non-Bayesian methods as an-
alyzed in [Bai et al.| (2021]), BaMAML is robust against
different training and validation data split. This is
demonstrated in Figure where the meta-test risk of
BaMAML remains unchanged when s varies while that
of MAML is more sensitive to the change in s due to its
statistical error, verifying Theorems[3}f6] Figure [3b]also
demonstrates the decomposition of meta-test risk into
optimal population risk and statistical error, where the
meta-test risks are mainly dominated by the optimal
population risks in this case.

Next we fix o = 0.7,y = 107!, which are approxi-
mately optimal for each method. We vary number
of data samples (N) and number of tasks (T), and
compare the statistical error of ERM, MAML, and
BaMAML in Figure [df The statistical errors of all
methods decrease as the number of data samples in-
creases. When the number of data samples is small,
MAML has the largest statistical error, followed by Ba-
MAML and ERM. Similar trends exist with increasing
number of tasks. Figure [f] have also shown the dot-
ted black line as a reference, indicating the theoretical
decay rate of the statistical errors. Since MAML and
BaMAML has the same slope as the reference line, it
verifies the theoretical decay rate in Theorems

4.2 Sinusoidal Regression

Experiment settings. For sinusoidal regression, fol-
lowing [Yoon et al.| (2018]), the N-shot dataset for each
task is obtained from x ~ U([-5.0,5.0]) and then
by computing its corresponding y from the sinusoidal
function y = Asin(wz +b) 4 ¢, with task-dependent pa-
rameters amplitude A, frequency w, and phase b, and
observation noise €. For each task, the parameters are
sampled from A ~ U([0.1,5.0]),b ~ U(]0.0, 27]),w ~
U([0.5,2.0]),e ~ N (0, (0.014)2). For all experiments
under this setting, we used a neural network with 3
layers, each of which consists of 40 hidden units.

Results. Figure |5 shows the testing error v.s. the
meta-train iterations for the compared methods, where
we can see that BaMAML converges to a point with
lowest meta-test error. For ERM and MAML, when T’
is small (e.g. T' = 100), the meta test error decreases
as the number of meta iterations increases in the begin-
ning, but increases later, showing a tendency to overfit.
Besides, the meta-test error decreases with increasing
number of tasks or number of per-task data, with a
similar trend as the linear regression even in the non-
linear sinewave regression. As the number of tasks or
number of per-task data increases, the performance gap
between MAML and BaMAML reduces, demonstrating
that BaMAML has more significant performance gain
in limited data settings.

5 CONCLUSIONS

In this paper, we study what makes BaMAML provably
better than MAML under the meta linear regression
setting. The meta-test risk can be decomposed into
the optimal population risk and statistical error. Our
analysis shows that, with proper choice of hyperparam-
eters, BaMAML has smaller optimal population risk
than MAML, demonstrating better adaptation ability
to new data. And for statistical errors, MAML and Ba-
MAML have the same dependence rate on the number
of tasks and the number of data per task for training,
while BaMAML has lower upper bound of the corre-
sponding coefficients, thus lower upper bound of sta-
tistical error. And in the high dimensional asymptotic
regime, BaMAML has strictly smaller statistical error
than MAML. The experiments on synthetic and real
datasets corroborate our theoretical findings. Build-
ing upon the current work, our future work includes
analyzing the performance in nonlinear meta learning
algorithms such as BaMAML with overparameterized
neural networks.
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Supplementary Material:
Is Bayesian Model-Agnostic Meta Learning Better than
Model-Agnostic Meta Learning, Provably?

In this appendix, we first present the problem setting, then some basic supporting lemmas, and the missing
derivations of some claims, as well as the proofs of all the lemmas and theorems in the paper, which is followed
by details on our experiments along with additional experimental results.

A Formulations and closed-form solutions

In this section, we will introduce the definition and computation of meta-test (population) risks and empirical
losses for the four methods that we will discuss, including ERM, MAML, iMAML, BaMAML. This prepares for
the analysis of optimal population risk and statistical error of the four methods in later sections.

A.1 Empirical risk minimization formulation

In the meta learning setting, ERM minimizes the average loss over all data, its empirical loss, meta-test risk and
their optimal solutions can be obtained by taking o = 0, Ny = 0, N = N in that of MAML (Gao and Sener,
2020), i.e. (6, DI™) = 6y, and based on the definition in (T]), the empirical loss of ERM is given by

T
1 . :
L£%(00,D) = 7= > _ Iy — X260, (27)
TN —

For brevity, denote ei{lN =ler1,.,6rn]T € RV, And define 85" as the minimizer of the ERM empirical loss,

given by
1 I
05" = arg min £ (0 , D) =argmin —— xalogst 4 edlh — X3l g% 28
0 gGO ( 0 ) g@g TN 7; || T,NYT 7,N 7,N OH ( )

Using the optimality condition, we have

T 4, T
o = (wey) (Y wees) +ag (29a)

T=1 T=1
T Ty
T x7er allT Lall
T = (Z S—N) (Z NXT,N eT,N) (29b)
T=1 T=1
o 1 .
W = NXiPJJXi{lN. (29¢)

Based on the definition in , denote the number of adaptation data during meta testing as IN,, then the total
meta-test risk of empirical risk minimization (ERM) can be specified by

RS, (80) = Er [Ep, v, [Epes . 1) [(yr — 057 (80, Do) ") | (30)

where éir(Bm D.) = 0y, plugging which into 7 we have
RS, (80) = B [(yr — 03 ,)%] = Er[[80 — 0% [y ]+ 1 (310)
Wy, = Efxx! 7] = Q.. (31b)
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By the general definition of optimal population risk in , the ERM optimal population risk is given by
R (60) = Jim_ RS, (8) = B[y — 0% [fye] + 1 (32a)

Wir = Q. (32b)

Define 6§" as the minimizer of the ERM optimal population risk, given by

05" = argmin R (6y) = argmin E, [0 — 62'||3ye] = E,[W] "B, [W62]. (33)
90 90 "

It is worth noting that, from (29¢)(31b))(32b]), we have the property E[WirN] Wy, = W, which will be
used in later sections to derive the specific optimal population risks and statistical errors.

A.2 Model agnostic meta learning method

For the one-step model agnostic meta learning (MAML) method, the task-specific parameter éfla is computed
from the initial parameter 8y by taking one step gradient descent of the empirical loss function as shown below

«
7X7T,NyT7N (34)

~ o ~
07" (00,D;) = 0o — *Veoff (60,D;) = (I — aQr )6 + N

E| where o > 0 is twice the stepsize, and NN is the number of adaptatlon data. During meta-training, N = Ny, is
the number of the training data. From the definition in or (2), and combined with Oma in . the empirical
loss of MAML is given by

L£7(6o, D Z Iyyh, — X328, 07 (80, D)1, (35)
The minimizer of the MAML empirical loss is defined as
1 Z
Ama __ . ma _ . val t val val trny (12
6 = arg min £L™*(6,, D) —argeimnm; Xy, 05 + eXy, — XY\, 028, D) |12, (36)

TNQ T
6o

Using the optimality condition, we have

T T
(o) (Eweor) o &2
=1 T=1

T R _1 T R o

At = (W) (3 (1 aQ) (- Xekerk, - - Quk XU e, ) (370)
=1 T=1

W2 = (I-aQ%,)Q7k, (- aQ,)- (37¢)

Based on (2)), the MAML meta-test risk is defined as (Gao and Sener} 2020))

R 2
N2(80) = El(y, — 6280, Drv,)"%:)%) = Er [[160 — 02 [y, | + 1+ T-E-[tx(Q2)] (382)
" =Eq. , [A—aQ, n)Q,1-aQ, n)]
2
= (1-0Q,)Q.(1-0Q,) + ]C\“,— (]Ex” [xr %], Qrxex] ] — Q3) (38b)

Note that, limy, %oo W N, WIaand limy, oo o tr(QQ) = 0. Therefore, from the definition of optimal
population risk in (2), we have the MAML optimal populatlon risk is

R™(6) = lim R (60) = E, (1180 — 6" ||3yma] + 1. (39)

'Note that, here we define the learning rate as «/2 to cancel the scale factor 2 from the derivative for notation simplicity.
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In MAML, define 83* as the minimizer of the MAML optimal population risk, given by

05" = argmin R™*(6p) = argminE, [||6y — OgtHWm] =E,[W>?] “'E, [Whagst] (40)

25 6o

It is worth noting that, from Lemma we have the property Ex, [VAV?R,} = W2L,, impy, 0o WY = W
which will be used in later sections to derive the specific optimal population risk and statistical error.

A.3 Implicit model agnostic meta learning method

For the iMAML method, the task-specific parameter éle is computed from the initial parameter 8y by optimizing
the regularized task-specific empirical loss, given by

N 1
0:"(8o) = argmin [y, n — X, n0- % + 716 — 6ol (41)

-

where v is the weight of the regularizer, and D, y, is the adaptation data during meta-testing or training data
during meta-training. The estimated task-specific parameter can be computed by

1
=X Ny +760). (42)

"N (00, D7) = (Qrn +9D) (5

The iMAML empirical loss is defined as the average per-task loss, which is computed by

L'x (60, D) Z ly, — XN, 07 (80, DY) |I? (43)
TN
whose minimizer is
I
0y" =argmin L7y (0y, D) = argmin —— Z XYy, 05 + eVal XVal 9”“(00, D2, (44)
0o ’ 6o INpzZ=" "

To solve for @™ in the above equation, using the optimality condition, we obtain

. ro. 1,k .
gim — (Z W;m) (z W;me§t) 4 Alm (45a)
=1 T=1
r 1 1
ap = (Y wim) (szw N XML, T W X Tel, ) (45b)
=1
1 m rn — A —
Yo, N, = (EXtT,NTXtT,Nl +90) 7 =(Qrn, +9D) 7! (45¢)
~ . 1 ~
W}rm = 7229771\71 Fxr_a}\gXX?}%ZgﬂNl = 7229771\71 QT)N2207'7N1. (45d)

The iMAML meta-test risk is defined as
im AHim 2
RN@ (00) = E[(y‘r - 07- (003 DT,Na)TXT) }
1 . A
=E-[[60 — 023y | +1+ FIE[7—2 tr(W2y Q- )] (46a)

imN = Ex [(QT7Na + 71)71QT(QT,NQ + 71)71] = W;—m‘F
XT [29 (QT QT’NQ)Wi—m (QT B QTﬁNG)EOT + EOT (QT o QTVNG)WiTm + W}rm (QT - QT,N@)EOT] (46b)

where Wi = (771Q, +1)7'Q, (v 'Q, +1)~!
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Let By, = (Q, v +~I)~ !, and Wiy =12%e,Q,Xe,. And we simplify the notation of XNy, YN, Qrn, as
X.,¥r,Q-. The derivation of is given below

im Nim A _ ].
RN, (60) =E[||0:" (80, Dr.n,) — 05°13,] + 1 =E[|[(Qr +11) 1(EXIYT +760) — 9?”&] +1
)

1 1
{eoTW 600+ 2y(—y. X, Sg, —627)Q,5g, 00 + —y. X6, Q, 59, — X yr
Na N, N,
1
2057 Q. T, X[y, + ogtTQTegt] +1 (47)

where (a) follows from the definition of Xg_, WiTrlea. Applying the fact that y, = X, 08" + e, and Ee_[e,] =0,
one can further derive

RN (80)=E |6; W™ 6 + 27(65'TQ,Xe, — 65'7)Q,Xe, 0
+ 0g”Q7297QT29TQ70§t - 20;%”QT29TQT0? +057Q 08

+me7_x Zg QTEQ X. € +1

Based on the linearity of trace and expectation, and the cyclic property of trace, the last term inside the
expectation in the above equation can be computed as

Ee, [eIXTEGT QTEGTXIGT} = tr(X; 2o, Qr o, XIEeT [e_rej])
=tr(X, %o, Q, 39, X[ ) = Natr(Zg, Q,Tp, Q) = Natr(Wiy Q.);

also, bAased on the Woodbury matrix identity, I — QTZ(;T =1-%. QT = 3y, , therefore
(05T Q. X9 —08'T) =087 (Q, 29 —I) = —08' "%y , and

05 7Q, Yo, Q, S0, Q05" — 2057 Q, Xg, Q05" + 65'7 Q. 65"
295” ((QTZGT - I)QTZQT QT + QT (I - 29.r Q‘r))0§—t
—605T (— %0, Q, T, Qr + Q7% )05 =y 10T (— Wy Q, + (Q, + /D)Wy )65,
Combining these equalities and rearranging the equations we obtain

R (60)= [eﬁw 6y — 205 TW™ 9,

£ T (= W Qe (Qr )W )OS + 5t (W, Qo) +1
b — l im
R0 — 05 Ry, +77 05T (= Wi, Qr + Qe W, )05+ g tr (Wi, Q)] + 1
(c 1 im A
B[00 — 0 Ry, + ot (Wi, Qo) +1 (48)

where (b) follows from rearranging the equations; (¢) follows from the fact that
02T (Wi Q,)08 = (02T (Wi Q,)0%) ' = 02T (Q. Winy )6s.

Therefore when N, — 00, Ex, [||Qr — Qrn, /] = 0.Ex, [1Qr — Qrn, 2] = 0,Ex, (Wi, ] — Wi, That is

to say, imy, e Ex, [WiMy ] Wim - and since limy, o0 N—E[ “tr(Winy Q-.n,)] = 0, from the definition of
optimal population risk in (2f), the optlmal population risk of iIMAML is given by
R™(8o) = N}LILHOO RN, (60) = B, [[|80 — 65" [[fyim] + 1 (49a)
W =("'Q, +1)7'Q (v Q- + ) (49b)
whose minimizer is given by
oim — arg min R™(8)) = E, [W™]'E, [Wimeg!]. (50)
0

It is worth noting that, from Lemma we have the property Ey_ [W;mN] =Wy limy, oo Wiy = W
which will be used in later sections to derive the specific optimal population risk and statistical error.
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A.4 Bayes model agnostic meta learning method

For the Bayes model agnostic meta learning (BaMAML) method, instead of obtaining a point estimation of the
task-specific parameter, during adaptation, it obtains the posterior distribution or its approximation, given by

p(0- | Dr,00) :af(;g I)mg Ep(xf,yTIT) [KL(Q(OT)HP(BT | D, 00)” (51)
q(0r)c

where p(0, | D, 0p) can be computed from Bayes rule via
p(e‘r | DT,N760) X p(DT,N | aT)p(eT | 00) (52)

Assuming y, | X,,0, ~ N (0] x,,1), the likelihood p(D, | 8,) can be expressed by
N
1 2
p(Drn | 07) = H P(Yrn | X7, 07) o eXp{*iHyr,N - X N0 (7} (53)

n=1

Assuming the prior 0. | 6y ~ N (6o, %Id), with v, being the prespecified weight of the prior or regularizer. The
prior can be expressed by

p(6- | 60) o exp{~ 6 — 6*}. (54)

Combining (52| . the posterior distribution of the per-task parameter satisfies

1
p(0r | D7, 00) eXp{*iﬂyT,N — X, N0 - %HOT — 6ol*} (55)
1 _
oc exp{—5 (6 — po, n)' Sg' n(0: —po, n)} = N(ue, n, %6, n) (56)
with $g, v = (X yXr v + D)7, e, v = Zo, v(X] xyr.n + %60). (57)

If p(6: | D;,60) € Q, then p(0, | D-,00) = p(0; | D;,0), which holds in our analysis since Q is defined to be
the set of Gaussian distributions. The empirical loss of BaMAML is

T
1
ba . val ~ba trn
Cn(80) = 7 Z [- / log p(DY*! | 6,)5" (8, | D™, 60)d6,
st 6, | D) — argmin KL(5(0,) (0, | D", 00) (5%)
q(6-)€
where pP2(0, | D™, 0y) = pP2(0, | D¥™,00) = N (16, Ny, Ze. N, ) is the solution of the inner problem. Therefore

T
a 1 va. rn
LN (00) = 7 > ~logp(DF* | DI, 6)

N2 T=1
1 T
=~ 2 _llogp(Dy™, D™ | 8p) — log p(D7™ | 6)]
TNy

where

logp(l?”1 D™ | 6p) —log p(DY™ | 6o) = log p(y7y | Xy, 00) — log p(y R, | Xk, 60)

1
|| B R, SN v+ 5llyER, = XER Ooll5- (59)
’v Ny



Lisha Chen, Tianyi Chen

with E;}V =(Iy+ 'yb*lXT’NXI )~L. The last equation is because p(ya”11 | Xf_HN, 6y) can be computed by

2 | X 60) = [y | Xl 6,)0(0, | 60)d6
x [[expl=3 Iy - Xaho, |~ 26, - 00| }db
_ 1 _ Yo 1
= / exp(~ 5 (0 — 10.) 55! (0 — o) + 3. Sgl o, — L0380 — Lyt e\ e,
allT _ all

1 _ a a
OCEXP{—§(—M;—TE¢9,1NGT + %HOTGO +Y-NYS, N} = exp{—f||y v —X l1\7‘90H ;k} (60)

where the last equation follows from the Binomial inverse theorem. Similarly, p(y™} | X, 00) o< exp{—3 [y, —

A
Yy, N1

To solve for éga, using the optimality condition, we obtain

oh = (TZZWE?N)I(TZZWE?N@) + AR (61a)
A = (TZZWE?N)U@(TTI X2V S, ety — XURTS, L, el ) (61b)
Wiy = ((%)’IQT,N +1) Qo ((N )7 Qe+ I)_1 (61c)

= ((73)_1Q7,N + 1)71Q77N2 (’7_1QT,N1 + I) ' (61d)

where the last equation is because we choose v, = N1y for a fair comparison with iMAML.

Based on , the BaMAML meta-test risk is defined as

1
R (8y) = NE[ —logp(y-~ | Xrn,Dr,N.,60)]
1 N .
=E, {||00 - Bgt”%vm]v } +1+ FIE[tr((Id + (1) Qrvin,) T = L+ Qe Y] (62a)
T, a a
W = Ex, [%[(Id +9 "NaQrv,) ™ = a4+ "(N + No)Qrvin,) ]

=By [(v8) ' Qrnvin, +1) Qe (v Qe +1) 7] (62b)

Taking limits of RE’\?; w.r.t. N, further leads to

R"(@p) = lim RY (6) = Jim Er (160 — 0§t||%vbaN | +1=E[60 — 0 |l3yna] +1 (63)

N,—00

0b* is defined to be the minimizer of R"%(6y), given by

05" = argmin R"*(0) = argminE, [[|8y — 65 ||3yu.| = E, [WE?] 'E, [Whagst], (64a)
90 90 T

-1

with WP = ((75)7'Q, +1) 7' Q. (y'Q, +1) (64b)

It is worth noting that, from Lemma we have the property Ey_ [WEB‘N] = WEf"Nl, limp, 500 WEle = Wbha,
which will be used in later sections to derive the specific optimal population risk and statistical error.

The above discussion provides proof for Proposition [I| Next we analyze the optimal population risk and the
statistical error based on the solutions.
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B Optimal population risk and statistical error analysis

Meta-test risk decomposition. Recall the meta-test risk function for the method A of 8y in . For method
A, plugging 054 into and taking the limit over IN,, the number of data during adaptation, we have

RAO) = B, (16 — 03y | + 12K 165" — 65" + 65" — 623y ] +1
—E, (108" ~ 63 v + 105" — 02! |3y + 200" — 63) WA (05" — 05)] +1
“ET [wa“ 0 3y + 1165 — 05 3y + 2065 — 63)TWAE, [WH] T E, [W05] - 05)] + 1
OF. 165 — 65 |3y + 16" — 65 3y.] +1 (65)

where (a) follows from WA = limy, o0 W;‘fNa, (b) is by plugging O3 = E.[W] 'E, [WA85], (c) is because

E,[WAE, [WA] 'E, [WAQs] — 624)] = B, [WAQE'] — E,[WA2] = 0. From and the definition of R4 (-)
in , we can decompose the meta-test risk to the optimal population risk and statistical error as follows

Ng—00

lm RA(OF) = Jim R (0) + 107 — O jwa (66)

optimal population risk statistical error 5,,24(064)

This completes the proof of Proposition 3 in the main paper. Note that, the statistical error 5?4(964) is resulted

from finite random data samples during meta-training to obtain the estimation of the parameter 964, but not
from N, in , which is the number of adaptation data during meta-testing.

B.1 Optimal population risk

The optimal population risk under different methods is given by R“4(6g') = ming, R“*(6y). Based on the results
in Section [A] we compute the optimal population risk of each method.

For ERM, the optimal population risk is computed by

R(05") = E [|165 — 02| fyer] + 1. (67)

For MAML, the optimal population risk is computed by
R™05", @) = E-[|05™ — 0% | 3ymaay] + 1. (68)

Note that when a = 0, R™*(05%, o) = R (6§").

Comparison of ERM and MAML optimal population risk. To compare the optimal population risk
of ERM and MAML, as shown in (Gao and Sener, 2020), when [|Q.[| < A,0 < a < 1/, R™*(05*,a) is
monotonically decreasing. Therefore R™* (07, o) < R°"(65") when 0 < ae < 1/A.

For iMAML, the optimal population risk is computed by

RIP(E", ) = B 65" = 02y + 1. (69)

Comparison of MAML and iMAML optimal population risk. We can see that as v — oo, Wil(y) —
W = Q,, R™(6,7) — R (6y); as v — 0, Wim(y) — 0,R™(6y) — 1. To explicitly compare the optimal
population risk of MAML and iMAML, we will show next that when ~ takes certain values, the corresponding
risks satisfy RI™ (I, v) < R™2(002, ).

Corollary 2 Based on Assumptz'on for any 7 ~ p(T), and any 0 < a < 1/X, ||[W™22|| > 0. And generally in a
typical multi-task learning setting, the tasks are not all identical, therefore there exist T ~ p(T), T € T, 05 — 68" £ 0.
Therefore there exists T € T such that (0 — @54) T Wma(gma — gst) > (.
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First we show that the minimum value of the MAML population risk is larger than 1, i.e., R™*(0%, o) > 1.
According to Corollary [2] it is apparent that

E. 102" — 05 [3y,.] = E, [(0* — 05)TWE2(6 — 021)] > 0. (70)
Therefore, we have
R™(05, a) = B [[|05™ — 62" 3yma] +1> 1. (71)
Note that R™2(05**, o) also depends on «, Let r™* = min, R™*(05**, o) — 1. From we know that r™* > 0.
We will then show one can always find certain v such that

R™(OI™v) < min R™* (05, o) = r™* + 1 (72)

or equivalently E, [[|0f™ — 6813, ] < r™=.

From Assumption 1, bounded eigenvalues of per-task data matrix, we can derive

1671 Qr + D7 = 1/ Anin(r Qe + D) = /(7 Amin(Q0) +1) < =57

from which we can bound the optimal population risk of iIMAML by
E [165" — 0% [lyin] < E- (165" — 0% [|*]sup, [|[ W

where we have discussed the bound for sup, |[W®| based on Assumption 1. And thus it suffices to bound
E.[[|6im — 65]2], as follows
E- (165" — 05[] = [165™|1* — 265" "E-[6%] + tx(Cov,[0%"]) + |E,[02']||?
<[165™ 1 + 21165™ | M + tr(Cov- [0%']) + M? < ||65"||* + 2[|65™ || M + tr(Cov[0%]) + M>
im R2 im
<(M +[1657(1)* + — - d = (M + [|6"[])* + B?

where the last inequality follows from Assumption 2 that the task parameter distribution is sub-gaussian. Similarly
E. [0 — 65]?] < (M + ||65*|))* + R?. Therefore

B, (165" — 0513y | < E- 11165 — 05 %Jsup, [ Wi
<((M + 85 1)? + B)E-[(07'Q- + 7' Q- (771 Qr + 1)

<((M +)168°]1)* + R?*)E, [H(W”QT +D7IQ-Iv'Q- + I)’lll]
(@) ((M + [|60§™])* + R?) A

SN ERE i
where (a) holds because Q.|| < A, |[(v'Q, + D)7 < (v 'A+1)7! from Assumption 1.
Let Cg = max{((M—}—HB})mH)Q—I—RQ)%, ((M+||06“a|\)2+R2)%}. In order to ensure ((M+||02)m||)2+R2)5\m <
ng\m < r™? it suffices to ensure
YA+ 1> (P T2 CpA3. (75)
Since 0 < r™* =E, [||65® — BitH%VTa] < CZE.[|[W™m2]]] < C3\. It follows that
(r™)"2CpA2 — 1> 0. (76)
Then from and one can derive
0<7 < (M) 3CeA% —1) ' (77)

In other words, by choosing (77)), we have R™ (0", v) < R™*(05*, a) < R (6F"),V0 < o < 1/A. We summarize
this conclusion in Theorem [ below.
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Theorem 7 (iMAML has lower optimal population risk than MAML) Under Assumptions 1-2, for
meta-test task T and arbitrary 0, the population risks for MAML and iMAML, as functions of 8, are

R™(0,0) =B, [[10 = 0 [3ymaey) +1 and  R™(6,7) =E (|10 — 0 [Fyim (] +1

where WP (o) = (I — aQ,)Q,(I — aQ,) and W™(y) = (v 'Q, + I)7'Q, (v 'Q, + I)~'. And the two
functions are mimmized by 652 and Oi™ respectively. Let 1™ = min, R™*(65'*, o) — ¢ > 0, and when 0 < v <
((Fm®) =3 CA% — 1) '), then R™(O™,~) < R™(052, ).

For BaMAML, the optimal population risk is

R°(65%,7) = E- (105" — 0% [[Sya (] +1 (78)

Similar to the proof for Theorem [7, BaMAML also has lower optimal population risk than MAML, as stated in
the following theorem.

Theorem 8 (BaMAML has lower optimal population risk than MAML) Under Assumptions 1-2, for
meta-test task T and arbitrary 0, the optimal population risk for BaMAML, as functions of 0, is

R*(0,7) =E-[]|0 — 9r||%vl;a(7)} + 1.
And when 0 < v < ((rma)_%ng\% - 1)_12\, then RP*(05%, ) < R™2(052, ).

B.2 Statistical error

To analyze the statistical error of different meta learning methods, we begin with a looser bound under data
agnostic case with Assumptions 1 and 2 only. And to give a sharper analysis of the statistical error in order
to make a fair comparison among different methods, we further make Assumption 3 on the task and data
distributions. In the following sections, we will first present the supporting lemmas and then the main results for
different methods.

B.2.1 Supporting Lemmas

In this section, we present some supporting lemmas for the proof of the main results for statistical errors of
different methods.

Lemma 1 Suppose Assumptions 1-2 hold. Define WA n o= Ex, [W N, then

WA < WA + LA (002 + 60, [5).

Proof: For ERM, W& = E, [Wo,] = E[W®,] =E[Q, ] = Q, = WS, L7 =0.
For MAML, from (38b|), we have
21?\7 = EQT,N [(I - O‘QT,N)QT(I - CVQT,N)]
2
_ywma & 3
=Wt (]Ex”[X”X”QTme”] Q; )

therefore

. a2
Wkl < W+ —\

T T
Ex,. i [XT ix‘rﬂ,'Q’TX’T,iXT z] - Qi
erla
N

< w4+ 5 (K4A+/\3) W] +
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For iMAML, recall WleN =72 .Q,%g,, let Iy =5y — (I+~71Q,) 7!, further derived as

o =15~ (477Q) ! = (14771 Q0) !~ (14771Q)
:'7_1(1 + ’Y_IQT)_I(QT - QT)(I + PY_IQT)_l

Then we have
iy =Ex, (W] = Ex, [0, Q720 ]

=, [(1%0. + T+771Q0) ™~ (477'Q) ™) Q: (35, + (T +77Q0) " — (T4+57'Q.) )]
—Ex, [I+77'Q) QeI 4+771Q) Y + Ex, [10Qrho| +Ex, |10Q, (1+771Q0) ™ + (I+77'Q,) Q. Lo
—Wim | B, [IOQTIO} FEy [10(1 +yTIQ) W + W (T + 'y’lQT)IO}
—WI By S0, (Qr — Q) WI(Qr — Q). + 50, (Qr — Q)W + W(Q, - Q)% |

where because

IEx. [So.(Qr = Q)W) < Ex [0, 11Q; — QoW < Ex [|Qr — Q. [ W

and |Ex. [0, (Qr — Q)W (Q, — Q,)%0, ||| < Ex. [1Qr — Q-||2]|W™|. Based on sub-gaussian concentration
inequality, it holds with probability at least 1 — ¢ that

A - d+log2 d+log2
R e (e s

Therefore choose § = N~! and since x, is bounded, we have

) ) ~ [d ~ d )
im < im . . im
Wil < W+ (00 1) + O())
Similarly, for BaMAML,

a b - A — — A —
WPy = Ey, [XTI((Id + 79 'NiQrn) T = Ta 47 HN + ND)Qrnviny) Y]

—Ey, [;—”1(@ 3 'N1Q,) T = (T4 (N + Np)Q,) !

+Ta+7 ' MQen) = T+ 'NQen) T = T+, 'NiQn) T+ (Ta+7, 'NQ.) )]
=W + ]%Exf (Lo +7 'N1Qrw) ™' = e+ N Qo) ™ = (La+55 "N1Qr) ™+ (L + 7, 'NQr) ]
—Whe ¢ %Exf V(T + % "NQa) Qs — Qe )(Ta + 75 N1 Qr v, )

— ’y;lN(Id + ’Y;lNQT)_l(QT - QT,N)(Id + VZleQT,N)_l]
=W+ By [vIa +77'Qr) THQr — Qe ) (Lo + 7' Qrny )

- (’73)_1(Id + (75)_1Qr)_1(QT - QT,N)(Id + ('75)_1QT,N)_1}

therefore
~ d ~ d
ba < ba ba
[Wha I < W)+ (O 40+ O() ) L™

O

Lemma 2 (Concentration of WﬁN) Denote d as the dimension of 0., T as the number of tasks. Suppose

Assumption 1 holds, and X.; is sub-gaussian with parameter k, then with probability at least 1 — Td~'°, for
T=1,...,T, we have the following bounds, given by

0= Wy < O(c)Iy (79)
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where ¢ == 1+ max{d/N, /d/N}, and O(-) hides the logarithmic factor log(NdT).
And denote || - ||lop as the operator norm. With probability at least 1 —T'd='°, it holds that

H% iwiﬁv ~E[WSy] o = 5(Cer\/¥+ d“‘), (80a)
H% D (W) —E[(Wey)?] S 5((6‘”)2\/g+ d‘4). (80b)

Proof: The proof is similar to Lemma C.4 in [Bai et al.| (2021)), the difference is we do not need Assumption 3,
xr; ~ N (0,1;), but only requires x,; to be sub-gaussian with parameter K. Recall that WT N = = X‘;‘”];,FX;?HN

Qﬂ ~- Applying the sub-gaussian covariance concentration ( [Vershynin| (2018), Exercise 4.7.3), we have with
probability at least 1 — d =10 that

f—fN = QT,N = Q‘r + HQT,N - QT
op

< d+logd d+logd
< 2 /21T V5™ 22T V5™ =~ er
=< (/\+CK 1/ N +CK N )Id_KTc Iy (81)

where K, = O(1) is an absolute constant dependent on 5\, C, K. Let W, = {WirN < KTcerId} denote this event.
We have POV, ) > 1 —Td 19 Let W = Uthl W, denote the union event. Note that on the event W we have

1 1
T > Wy = T > WL
T=1 T=1
And on the event WT,WifN is bounded by: 0 =< Weer{W } < K,c®1,, which means that for any v € R?¢

and ||v|j2 = 1, the random variable VTWj’le{WT}V - VTE[W?rle{WTHV is mean-zero and sub-gaussian with
parameter K, c®. Therefore by the standard sub-gaussian concentration, we have

1,

Tt? )

]P(‘VT(% zT:Wile{WT})V ~VTE[WeN LW} ]v] 2 ¢) < 2exp ( - TR
=1 T

Using the fact that for any symmetric matrix M, |M||o, < 28UPyen, ,, (si-1) |v Mv| where Np/4(S71) is a

1/4-covering set of the (d — 1)-unit sphere S*~! with [Ny ,4(S**)| < 9¢ (|Vershynin| (2018) , Exercise 4.4.3), we
have

(LS Wi} -stwsa(w], 20
o) 7 (e v

<exp ( — Tt?J2(K,c™)? + 3d).

Taking t = O(KTcer\/ w) (’)(K cr \/g), the above probability is upper bounded by d~1°. In other

words, with probability at least 1 — Td 1%, we have
< 6(}( cew/g) (82)
op T T/

To bound the difference between E[W? ~] and E [Wff ~1{W;}], it follows

HTZW "1V}~ E[Woy1{W,}]

1
2

[Biwey] ~siwey L v ]| < E[IWal,1 093] < (BIIWSIZ] -2 ows)

< \/]E[maXHxT,qzllz] d=10 < \/k2(d+ Clog N) - d=10 = O (d=**) (83)
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where W¢ is the complement of W;, and the last inequality is by sub-gaussian norm concentration. Combining
and , with probability at least 1 — Td~'°, we have that

T

s W vy - e v

=1 T7=1
~ d
< er d—445 .
o = o (c 1/ T + )

Similarly we can prove that with probability at least 1 — Td~10 that

o = O ((cef)Q\/g+ d-4> .

This completes the proof of Lemma Note that, similar results apply to random weight matrices W;“ n of other
methods by replacing VV?N = QT’ N with VAV;“N = QT, ~, in (BI). And Lemmastill holds with Assumption

O

1 A
|72 Wy —E[Wey

op

+ |[E[Wey] - E[Wen1 (W} ]

1 e .
|7 W)~ E[(Wein)?]

Lemma 3 (Hanson-Wright inequality) (Restatement of Theorem 6.2.1 in (Vershyninl, |2018)). Let z € R?
be a random vector with independent, mean-zero, and K -sub-gaussian entries, and let C € R¥™? be a fired matriz.
Then it holds with probability at least 1 — § that

z' Cz — E[zTCz]‘ < O<K2HC||F log %)

Lemma 4 (Linear combination of sub-gaussian) (Vershynin, 2018) Let z € R? be a random vector with
independent and K -sub-gaussian entries. Then for any v € S*1(r),v "z is r K -sub-gaussian. In other words, it
holds with probability at least 1 — § that

’sz - E[VTZ]’ < O(TK log %)

Lemma 5 (Hanson-Wright inequality with non-zero mean) Let z € R? be a random vector with indepen-

dent, and K -sub-gaussian entries, and let C € R¥? be a fized matriz. Then it holds with probability at least 1 — 6
that

|27 Cz — E[27Cz]| < O(K2|Cllk log(2/9)) + O(KEl2]|ICllop /108 (2/9) ).
Proof:
2" Cz—E[z'Cz]| = ‘(z — Elz])"C(z — E[2]) — E[(z — E[2])T C(z — E[2])] + 2E[z]"C(z — ]E[z])’
< |(z - Elz)"C(z - E[z]) - E[(z ~ El2))"C(z - E[z])] | + 2[E[2]"C(z — El2))|
< O(K2|Cllx log(2/9)) + O K[[ELz]|[Cllop v/ 108(2/3) )

where the last inequality follows from Lemma [3| and 4l Note that when E[z] = 0, this Lemma reduces to the
zero-mean version of Hanson-Wright inequality, i.e. Lemma ]

Lemma 6 (sub-gaussian random vector concentration) Let U, € Ré¥4 z_ € R%. Assume HUTH < X and
z, has independent, mean-zero, K-sub-gaussian entries. With probability at least 1 — 9, it holds that

\||;iUTZT|| — B[] < (5<K/\\/glog 3.
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Proof: Apply Lemma [3| the Hanson-Wright inequality, and let z = z,, C = Ul U,, we obtain that with
probability at least 1 — ¢,

2] U U 2, —E, u. [2] Ul U,z,]| < O(K2||UTTUT||F log %)

Since
2
10201 = B o, [Urzc ]Il < |10z 2 = s o, [Usze] 1P|

= | UTU s, — By, [ U Urs, ]| < O( K200, 2,105 2 )

where the last equation holds because z, has mean-zero entries. Therefore, it holds with probability at least 1 —§
that

< 2
102 = B 0. (U2 < 0(KOWalog 5 ). (84)
Also, based on Lemma 4] it holds with probability at least 1 — § that

’”EzT,UT [UTZT] || - H]EZT|U7. [UTZT] H’ < ’ EzT,UT [UTZT] - EZTlUT [UTZT]

~, - 2
< O(KM\Wdlog g)- (85)
Combining and , it holds with probability at least 1 — § that
1 < ~ . [d. 2
’”f ; U,z,| - |E.. v, [U.z,] ||‘ < O(KN 7 log 5). (86)

Lemma 7 (Bound of statistical error not caused by data noise) Define
4= [(08 =0T, (65 —6)T] " e R,
-
4 T & - 2 T <& -
U= [Wiy (00, W) Wik (D, Wiy )| e R

1) Suppose Assumptions 1-2 hold, the statistical error for method A is computed by
£362) = 102 — 021 oy = 2K UAB, WATU T + AATE [WAIAR + 22U, [WA]AA

e

where with probability at least 1 — Td=10, the first term I{* can be bounded above by

I = LU WAU T = T (At EIWA) A (BIWA) + O 1) + O + 0/ D)

~ |d LAY -, 1 ~ |d
+ (1+O(\/T)K+ W)M ((’)(N) O T))
2) Suppose Assumptions 1-3 hold, the statistical error for method A can be computed by
E2(0") = wal65' — 0315 =wa(z)UAULza +[|AF[5 + 22, UAAT)
—
I2
Define Cgt = L(E~2 [VV;“N],E[(W;“N)QD With probability at least 1 — Td='°, I can be bounded above by

1 ~ d
—=)+0(/))-
)+ 00/ )
2Note that, we provide bound for I* and I5' in this lemma since it has the same form for different methods A. And
the bound for the rest terms in the statistical error are deferred to later sections for the specific methods.

R/ f =~
I = 2 U0z < — (Gt + O(
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Proof: The derivations in Section |A| give the empirical solutions é()4 as below

(WA (W) + ad 87
r=1

T=1

Thus the difference between the estimated model parameter é()“ and the population-wise optimal model parameter
064, which is be used to compute the statistical error, is given by

T _ T
6 07 = (W) (S0 WAL — ) + A = Ullza + A (88)
T7=1 T=1

based on which the statistical error Si(é()“) in can be computed by

E4(05") = 165" — 0512, (wa) = 2 UAE WU hza +AFIIE wa) + 225 UAE[WH]AZ (89)

Iyt

where [ f‘ is the only term that does not depend on A%, which is caused by the random noise € in the data.
In other words, when the variance of € becomes zero, the statistical error 5,24(@64) reduces to I{%, or I{* is the
statistical error in the noiseless realizable case. We next proceed to bound I{* by considering the concentration
around its mean as follows

2 UAE, WU 74
|z fUAE WU jza — B, U (24 UAE (WU jz4]| + By U [20 UAE (WU jz.4].
Next we will bound the above two terms respectively. We first bound |z UE, [(WAUT, AZA —
By ua[ZLAUAE [WAUz4]|. From Assumptions 1-2, 68 — @5 are (R/vd)-sub-gaussian. To bound the

absolute error around the expectation, from the Hanson-Wright inequality in Lemma [5] with probability at least
1 — 6, the following inequality holds

1z, UAE- [WA}U;ZA —E, ua [Z;UAE (WU z.4]|

<0 (%] (30 W) m WA WA o)

+@(ZMH@w;fN)—lwfuzvvm—%iwm )
T=1
<o YL s vl oA el ) o).

Note that in the last equation, we ignore the higher order terms in || % Z W““NHOp7 which can be obtained
from Lemma [21

To bound the expected statistical error, E, ,ju, [z, UAE, [W ]U;zA}, first note that since for all 7, W2 is
symmetric positive definite (PD) based on Assumptlon E.[WAA] is also symmetric PD, who has a Cholesky

decomposition, E,[WA] = IE? [W;“]Ef- [WAT with EZ[W#] defined as the lower triangular matrix in the
decomposition. The statistical error can be rewritten as

2JUAE WUz = tr(2,UAE, (WU z.4) = tr (B W)U 24) (B [W:‘}U;zAf)

:t<(éwA > Wiy ZW (02" - >))(Eé[wf1<i\fvf, ZW G >>)T>



Is Bayesian Model-Agnostic Meta Learning Better than Model-Agnostic Meta Learning, Provably?

whose conditional expectation is given by
Epu a2 UAE, [WA}U;ZA}

By, i (B WA (3 W)™ (30 Wik 05— o)) (B4 W) 30 W) (30 Wiy

T=1

:tr(COVegt‘WfN |:E7%' [Wf](zwr, _1 ZW Qgt )):|)

Ia

T
 Ear, [BAWAC W) (3 Wistor — o]
=1

Iy,

(62 —

o) )

(91)

where the last equation is given by the fact that E[zz' ] = Cov|z]+E[z]E[z] " for any random vector z, and the linear
and cyclic property of trace. From Assumption |2} §8' — 064 has sub-gaussian entries, and Lemma linear combina-

1 ~ _ -
tions of sub-gaussian random variables are still sub-gaussian, E2 [W]( 23:1 W;‘} ~) ! ( Zz;l W;‘} (68 —

0"))

1 R _ .
has sub-gaussian entries with parameter ||EZ [Wf](zz;l WﬁN) 1”;” ZZ:l(WﬁN)QHopRQ/d, which is the
upper bound of the variance of each entry based on the sub-gaussian property. Since the trace of the covariance

is the sum of the variance of all entries, it holds that

A —1 TRA A 2 R?
W W W —
Z op ;( T,N) op d
A X7 A 2 d X7 A
] | S [ S
W oW o]
R? A L mvid 7201 S a2
S? ET[WT} op T‘I;WT7N op T;(WTN) op
I, can be further derived as
2 A = X t 2
1=, [N ) (w02 o)

—(E- (W2 (Egs s, [ZW ZW (65" - 03))] + ZW ) Eos wa [ZW (0% —
Egst w4, [Zw Zw (65" — 6))] - ZW ) "Egs wa, [ZW (65 — )] )

Iy,

+<ET[W;—A}((inyN)71E9§",WA [ZW egt ] ZW 71E9§t,W'A [ZW egt
T=1

(W) B, [ 3 WA 0] — (W) By [ W05 0] )

=1

=1
1

Iy
T T T

- <ET[W;“}(§TJW4“,N)’1E9$,W$ (Do WO = 6], (Do Win) g wa [ Do W02 — 03]

T=1 T=1 T=1 T=1
L 1

Iz

6:')]),

6:')]),
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where I;; can be further derived as
T
= (W) B s, [ZW (62 — )| ~ Eg wa [ZW (62— 6)] }
T=1
1 £l —1r1 A N
- ZWTVN) {7 Z W Egs wa (05 = O8] — Bypa | [WiNEgm s 105 — 67 |

T | < O(f)KMHT ZW

And for I, it holds that

op

Iy =(iWﬁN)1{ o5 WA, {ZW (65 — )} Egst wa, [ZW (05 — )}}

_(éWﬁN)I{Eeit,wﬁN,w;fN[zT:l(WAN wi )(0§t—06“)]}

T=

T T
(1 W) B v v, [ SOWAY —EIWA + E[WA - W) @2 — 03]}
T=1

|u,,2ns(<5<@f<+|mr - WA )] ZW W

— ; T A t
Ips = 0 since ]E0§t’wﬁN (>, Wy (62

- 0{]4)] = 0. Combining Iy, Ip2, I3 from above discussions we can
bound I by

Iy = || B s, {Eé[w:‘](i W2n) Z Wi (0% — o)) H2
=1
< (B0 Lyx + WA, — W) ar LY WA
T=1

Combining the bound for I, and I, the expected statistical error conditioned on W;AN is bounded by

-1

E, [W]

(93)

op op

T
72 (W)
T=1

-1

1 T
LS4
T ; N op

1
72 Wiy
T=1

R
E, . [ZAUAE, (WU 4] < |

+ (6(@)}( +||EWA - W;“]H)M2

op op

E,[W]

(94)
op op

Finally note that HE[WfN - W4 < % = O(), by combining (0] (94), with probability at least 1 — Td =,
it holds that

v+ o+ 6,/2)
- (6(\/3) + %>M2 } Op( ;pl + (5(\/2))
< R?Q ()\min(E[Wf])‘l,\maX(E[(Wf)2]) + O(%) + 6(%) i 5(ﬁ))

+ (6(\/§)+6(\/g)+6(;\l7))1\42. (95)

. R?
2 UAE, [WAU 24 < ?(‘

B, [WA]

T

E[W7y]

op

ql

[E[Wy]
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This completes the proof in the data agnostic case without Assumption 3. Next we proceed to prove the bound
under the case with Assumption 3.

From Assumption 3, WA = w4I;, where w4 is the same for different task 7, therefore 85 = E.[6%]. And
Wer = 1, Wma = (1 — )2, Wi = (1 4+ 72, wpa = (1 + (v5)71) 71 (1 + 4~ 1)~!. By using this property in (L)),
we obtain a simplified meta-test risk decomposition of method A to the statistical and optimal population risk in
the linear centroid model by
lim Ry (08) = wallf3' — 6543 + lim RE (65 . (96)
N—o00 L 1 N —o00 @
statistical error Si(éé“) opmlisk

Thus the statistical error in can be computed by
E4(05") = wall65' — 0313 =wa(z}UAU hza +[|AF[|3 + 223 UAAT). (97)
TR

Ist

We will bound term 73! in the above equation. The only difference of I5* from I7* is that we can treat E,[W,] = I,
and M = 0 when adding Assumption 3. Therefore, with probability at least 1 — §, we have

R2
2, UAU 24 — Bget o va [Z;UAU;ZA]’ (T \f) (98)

To compute EO%”,eT\W;“N [z;UAU;'—tzA], first we have

T T
Egst o, jwa  [24UAU 42.4]

(W) A o) = i el )

= =1 L ]
—CA
(R Wa) WAL BA))
11TAA ‘211; S7A N2 57 A N2
+d<(T21wT,N) L Wiy) —E[(WA]) ] (99)

For term I, and I;, from Lemma [2] we have with probability at least 1 — Td~'9 that

| < 5(\/?), [Za| < (5(\/3)- (100)

Combining and (100)), we have with probability at least 1 — Td—'°
R? d
Egst o, jwa, [24UaULz4] < = (Ct + O(/ 7). (101)
Then combining (98),(101), it holds with probability at least 1 — Td~'° that
A = 2 UAU 24 < 7(00 FO(—) +0(/ ). (102)
Vd

O

Lemma 8 (Dominating constant in statistical error) Suppose Assumptions 1-3 hold. The dominating
constant in the statistical error of meta learning method A is computed by

O = $<E‘2[Wﬂ,E[(W;“)Q]> — %x&[m((vaﬁﬁ)} {émmvvf)] }’2 > 1.
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Proof: We have proved in previous sections that the dominating constant in the statitical error of meta learning
method A adopts the form Ci' := %<E_2 [Wf] , E[(Wf)Q] > Next we will prove the equality by showing that
E[WA] = LE[tr(WA)]L,.
Let X; v = U, nD, NV be the SVD of X, n, where U,y € RNXN,DTJV S ]RNXd,VnN € R¥*d De-
fine QT,N = XTNXTN, and denote )\( ) > e > )\ElN) as the eigenvalues of QT,N' Then D:’NDﬁN =
NDiag(A\™, ..., A&N)).

For ERM, based on the expression of Wf:r, we have

1
7VT,NDINDT,NVIN]

E[W) = E[QS] = E[

=E[V, xDiag A", ..., AM)vT Z/\ Ny vl (103)

T'L

Then we show that E[W¢] = éE[tr(W?)]Id by the permutation trick. We utilize the isotropicity of X.
For notation simplicity, we use V, to replace V. n in the following discussion since the value of N does
not affect the arguments. Recall that V. is uniform on all the orthogonal matrices. Let P € R?*? be
any permutation matrix, then VP has the same distribution as V.. For this permuted data matrix V.,.P,
E[Z?Zl )\EN)VT,Z-VL] = E[Zle )\’EN)VT7tp(i)V7—'|:tp(i):| with ¢,(¢) denoting the permutation of the i-th element in P.

Summing over all the permutations P (and there are totally d! instances), we deduce

BEWE) = D B[S A v 0] = (@ D[S (32 A v 7]

all ¢, i=1 j=1 =1
d
—(d— 1)!E[VT Diag (3" AN, Z)\ }
=1
d
—(d— 1)!E[Z(A§N>)2vij } = (d — D)E[tr (W)L,
=1

which gives E[W¢'] = LE[tr(W)]L,.
For MAML, using the expression of W‘T“a and the permutation trick, we have

E[ A fFI?JaV] = E[(I - aQ""NI)QT’NZ (I - aQT»Nl)] = E[(I - aQT,Nl)QT(I - aQT,Nl)]
=E[ V. x,Diag((1 - ax{™)2,... (1= aa{™)2) V], |

d

= B[S0 - ™)1 = B [a(Wrs)| 1, (104)

i=1

Following similar arguments, for iMAML, it also holds that E[W™] = E[tr(WiTm)]Id. And for BaMAML, we

use the expression Wha = (T + Y 1Qrn,) "t = (Ta + (v8) 7' Qr.n) 7Y, which apparently gives E[WP2] =
éE[tr(VAVEa)]Id using the permutation trick.

To summarize, we have proved for all four methods ERM, MAML, iMAML and BaMAML, ]E[Wf] =
1E[tr(W)]I,. Then it is not hard to see that

CA $<E*2[Wﬂ,E[(Wf)2]> - %E[tr((Wﬁ)z)] {éE[tr(Wf)] }_2.

Finally, applying Jensen’s inequality, for any PSD matrix M € R?*?, we have %tr(Mz) > (%tr(M))Q, therefore
PR I ) 1 ) 1 3 -2
Ct = < (B2 WL E[(W)?]) = B[ (W) [ {SE[x (W] |~ =1,
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O

Lemma 9 (Constant in statistical error of MAML) Suppose Assumptions 1-3 hold. The dominating con-
stant in the statistical error of MAML is computed by

G i= Z(B[WrS] 7 B(WrS,?])

B[ (- aQuw)?) + (Vo + Do (T aQr)?) | { (1 - aQrm)?)]}

Proof: We reuse the permutation trick to derive E[(WT?\,)Q] below.

E[(W23)?] = E[(I - aQ.n,) Qe v, (T— aQr v, ) *Qrn, (T— Qv )] (105)

We know that E[(Wﬂlj‘v)Q] is equal to a scale factor times I4, the identity matrix. And the scale factor can be
derived below

trE[( A ?%)2] = trE [QT,Nz (I - aQT,N1)2Q77N2 (I - aQT,Nl)Q]

= UE[X, (T 0Q v, ) XWX, (T 0@ ) X0
2

= B [(Xyk, Vi Ding (1 - oA, (1 - ad (™)) ViETX )]
2

NztrE[( % Diag((l — a)\:(LNl))Q, (1 a)\(Nl)) )vjv;r>2}

i,j=1
1 No 2
= E[Ztr(Diag((l - a)\gNl))2, (1= aAfiNl))Z)viviT)

+ Z(Diag((l — a)\gNl))2, (1= a)\&Nl))2)vjv;r)2]

i#]
NLQdE [tr (Dlag((l - a)\ (M) ) (1= a)\((iNl))Q)) + 2HDiag<(1 - a/\gNl))Q, (1= oz/\ElNl))Q) Hi
+(N2—1)HDiag< a2 1= aalM) )H ] (106)

By combining Lemma , and , we arrive at the following
Cy = g(EIWaR] ™ B[W23)])
d d
1 L 1 _
ngEK;( a)‘(N )2> + (N2 +1) (; 1—04)\N )}{dE[;(l_OZAENl))Q]}

71@[@ ((1 - aQT,Nl)Q) +(Ny + 1)tr((I - aQT,Nl)‘*)} {é]E[tr((I —aQ- 1)) }_2. (107)

dNo
O
B.2.2 Statistical error of ERM
Following the definition of ¢ in ([29a)), we have
T ., T T T
o5 — 05 = (Dowe)  (Dower—e) + (dowe) (Z x2liverly ). (108)

=1 T=1 T=1
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To bound the statistical error, we define

22, = (et T, . e T eRNT, (109a)
1 T o= e !
Ueer =~ [X3, X)) T (W) e RYT (109b)
T=1

Looser bound. Under Assumptions 1-2, with Ug,, Ze, defined in Lemmam7 the ERM statistical error is given by
EL(657) = 165" OF 1, jwe) =20 Uar B [WE ULz + 220 U, o B (WU, 22"

e,er 661‘ eer

Ier Is

+2zTU E- WU/ .22, . (110)

e,er eer
1

I3

We will then bound terms 1%, I5, I5 respectively. First the bound for the term I5* in (110) is provided in Lemma
which states that with probability at least 1 — Td~1°, we have

2

1< (i (BIWE) A BIWE?) + 0 + 0 + 0/ )

+ (o %) Ler)M2< +0(;)+6(\/§)). (111)

Following similar arguments from Lemma [7] for term I5, first

| allTUe erE [Wer]UT all _Eeétye ‘Wer[ 2133er er]E [Wer]UT all

eer eer e,er eer eer]|

w3 we) (W), )
(W) (G o w)) o) ge

<OV WU L ) = O

:0<

and the expectation is given by

Eost o ver (220 Ue B [WETU] 220,) = tr(Ue,CrE [Wer]U;rer)

d 1 er 1TAer72 1TAer d er 1TAer71
“rya(EWI(E W) (72 W) = g e (Ewn(z D we) )
T
_ d 1 er 1 x7er -1 1
“ry g (W (F X W) 1)+ (L) (113)
T=1 | NN |
=C
Therefore combining (112)) and (113)), we have with probability at least 1 — Td !0
d ~, |d ~ 1 1
I < o (c5 + 0/ 7 — <) 114
d d ~ 1 1
= 1+0(1/=)+0(—=)+0(=) ). 115
7y (100 ) +0(7) + Ol ) (115)
For term I3, note that Ege: ‘Wgr[ 2, U B [WU/ 221 ] = 0. Following similar arguments from (112)) to (114)
yields that, with probability at least 1-Td ™0, |I5] = |2, U E, [WU/ 22l | < (’)( ) Finally, by comblmng

the bound for I -I5, with probability at least 1 — T'd !0, the statistical error of ERM is bounded by
A R? 1 d d 1 1
2 er <7 _ _ - _

EL(05) <7 (q + 0(,/T) + (9([) + O(N)) + o (c +0(/7) + (f) + O(N))

+5(%) + (5(\/3) +6(\/§) + (’)(J‘\lf)) . (116)
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Tighter bound with Assumption 3. Then under Assumptions 1-3, with Ue,, ., defined in Lemmam we have

Egr(égr) = werHégr - ogr”g :wer(z UerUT Zer + Zine-rrUe er U;rer 21}% +2 ZTUer Uzer ?ller) (117)
T
ILT Iz I3

We will then bound the redefined terms I5*, Is, I5 in (117]) respectively. The bound for the term I§* in is
provided in Lemma [7, which states that with probability at least 1 — Td~'°, the following holds

I = 2, U, Ul 2 < R;(é + (9(7) + oq/g)) (118)

For C¢, since E[W¢] = Q,, and by Lemma we have

-2

~ 1 A 1
G5 ==E|u(Q2 v) | (GE[r(Q0)]) (119)
Following similar arguments from Lemma [7] for term Io, first
Vd

allT T all . allT T all Y v
| e ,er UP erUp ,er e ,er - Ea§t7eT|WLr[ e,er UP erUg ,er e er” - O(TN) (120)

allT T all T d 1771~ er) 2 (L SN er
Eost o, (wer[Ze,er Ue,erUe erZe o] = tr(Ue erUp cr) = TNd<(TTz:_1WT) ; (T;lwr )>
v (7 ZW“) )= mvtae(( ZW“) CETWE) e (E W) ) a2

— ~EI‘
=C¥

Therefore combining (120) and (121)), we have

~ A 1
_ allT T all _
L =20, ,U] 2, < TN(C +O<‘/T)+O(\/ﬁ))' (122)

For term I3, note that Ege: o |yyer 20, Ue: U/ ,22!,] = 0. Following a similar argument from (120) to (122)), with

probability at least 1 — 4, |I5] = |2}, Ue U, 22| < 6(%) Finally, by combining (118])-(122]), and applying
the weight we,, we conclude that with probability at least 1 — T'd~19, the statistical error of ERM is bounded by

E2(6) =l ()~ 0 (0)IE < 5 (wCir+ 5[ ) + (1)
=65 er |00 0 2 S T ervQ T \/g

chv (e +6(\/g)+6(\}g)) +O(T\ﬁ> (123)

Theorem 9 (Asymptotic ERM constant) Asd, N — oo, d/N — 0, the optimal constant of the ERM method
C§" satisfies

lim C& =1+47.
d, N — oo
d/N —n

. . -2
Proof: Recall that C§* = E [tr( 3N)} (éE[tr(QT)]) . Based on Assumptlon E[tr(Q,)] = E[tr(Ly)] =d,
And E[(QEN)] can be derived by

E[Q2 y] = E[(5X]xXrn)’] :JE[(NXTNXTN = Zx”x”
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where tr(E[(x,,x];)?]) = E[(Z] 22 )% = d(d +2).

Therefore

d+N+1
_arvHl lim C& =1+4n.

)
N d, N — oo
d/N —n

C«er

O
B.2.3 Statistical error of MAML
From the expressions of 8 and W™, we have
R RN -
o — oy = (Dowr) (Do wmer - o))
=1 T=1
T T K 1
(W) (X (- aQew) (XiNelth, — Qe XiRelth,)). (124)
T=1 T=1
To bound the statistical error of MAML, we define
ZZ?}ma — [evalT e&/ﬂalT] RNZT, (125&)
Ul = 7 (ZW %) { (1= aQun )X, (T aQry, ) X3H, | € ROVT (125b)
2 = [T e )T € RN, (1262)

T

o ~ -1 o N N N

Uly ma = N ( E ?7\/) {(I —aQun, ) QUi XA, (- aQT,N1)QT,N2X¥,n]\—/r1:| e RMT. (126Db)
=1

Looser bound. Under Assumptions 1-2, with Uy,,, Zy, defined in Lemma m the MAML statistical error is
given by

gia(é(r)na) _ ZLaUmaET[W;na]UT zma“‘z alT Uel,maE [Wma]UT val _|_ztrnT Ue2,maE [Wma]UT trn

el,ma el,ma el ma e2,ma e2,ma 62 mm
ma T val ma T trn valT ma T trn
maUmaE [W ]Uel ma el ma maUmaE [W ]UeQ ma 92 ma -2 zel maUeLmﬂE [W ]UeQ ma 62 m'1
1

Iy Is Ig
(127)

We will then bound terms I7**, I-I respectively. First the bound for the term I{** is provided in Lemma [7]
which states that with probability at least 1 — Td—1°, we have

% <2 (A (EIW2) s (BUOWE) + O + B + 01,/ )

+ ((5( %)+ L;a)M2(1+O(;[)+(5(\/Z)>. (128)

Following similar arguments as (112)), from Lemma |7} for term I, first

|Zva1T Uel ,ma [Wma]U val

el,ma el,ma el ma

[Wfrna]zval

el,ma

(129)

el ma el,ma

1-5(3)

~Egs o jws, (22 ma Uer.mall W)U, TN,
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and the expectation is given by

E0§“,eT|W:a [ ‘e,?l;rnaUel mi [Wma]U;rl ma [W:'na]z\cq}ma] =tr (Uel,ma [Wma]Uel m'l)

d 1 1.
7 g (Er W 7 2 W2 )
_d 1 ma]'TAma*1 —1[yk7ma 1
,m{atr(ET[wT ](T; )T - B W) +Etr(1d) 3 (130)
=Ccpe
Therefore combining (112]) and ( -, we have
d /.~ [d
I < g (o + 0(\5) + O(ﬁ)> (131)
Following similar arguments from (129)-(131), I5 satisfies
d
B < oo (ons +0<\f )+0(2)) (132)

with CT'3 defined by

1 A ~ o N o
Crs = ~ (BT W2 Bl (L - aQrx,)Qr 3. Qe Qo (T - aQrn, )] ).

For 1y, I5, I, with probability at least 1 — §

5, Vd

14| < O( ): sl < O(7p)-

R ~ R
m)a 5] < O(m (133)

Finally, by combining the bound of I;-Ig, we conclude that with probability at least 1 — Td~'°, the statistical
error of MAML is bounded by

2.6 < 2 (cpr+ 6/ 46 <7>+0< ) + o (1 +O<ﬁ )+0(5-))
T7V1< ma+(9(\/>)+(’)( \/7 \/7 \/ 1(1]\72)
+ (6(\/% + 6(\/5) + 6(%))]\42. (134)

Tighter bound with Assumption 3. With Assumptions 1-3 and Uy, Zma defined in Lemma[7] we have

+

2 2 ma valT T val trn T T trn
gma - wma||90 00 ”2 - wma( UmaUmazma + zel maUeLmaUel maZel ma + Ze2 maU€27maU62,maz62,ma
]
Il I2 IS
T val trn valT T trn
U Uel ma el ma UmaUeZ ,ma 62 ma -2 Zel maUel,maUSZ,mazeZ,ma)' (135)
L L ]
14 Is I

We will then bound these terms I1-Is in (135]) one by one.
To bound term I in ((135)), from Lemma we have with probability at least 1 — T'd 0

I =2, Unna U Zma < R; <O + 0(7) + 0(\/g)> . (136)
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For C'(r)“a, by Lemma|§|
Cma —dTVzE[tr (= aQrn)?) + (N2 + Dir((X = aQrn,)?)] E]E[tr((I ~ Q)] - (137)

For I, from Lemma [3] we have the absolute error around the expectation is given by

(138)

el,ma el,ma el ma

valT T val valT T val _ \/Zi
|Zel,maUel,maUel,maZeLma - IE9§.°7eT \W;ﬂi}v [Z : Uel,maU H (TN2 )

and the expectation is given by

valT T val . T . %7ma | —1
Eeit,eT\Wf_ﬂ [ el rnaUeLmaUel,mazel,ma] - tr(UeLmaUel,ma) - 7tr((7 § -r,N) )

T

=y Lt (g o W) B W)+ (B W) ) (139)
=Cpy

And by combining (138) and (139) , with probability at least 1 — §, we have

v va d ~ |d ~ 1
2 = 20 Vet ma ULk s = i (C1F + 0 ) + O(2)). (140)

For I3, the absolute error around the expectation is given by

trnT T trn trnT trn A \/E
|ZeQ,maUelmaUeZ,mazeQ,ma - EG%HQT \Wfr“ﬂ}v [ZeQ,maUe2 maUeQ ma 62 ma” =0 (11]\[1 )

(141)

and the expectation is given by

trn T T trn _ T
ngt@ ‘Wma [Ze2 maUEQ InaUeZ,maZeQ,ma} =tr (U€271n3U627ma)

TN1 (( ZW ) - (% ET: o*(I— aQT,Nl)QT,Nz Qv Qrn, (I OéQr,NJ))

T —
e A (G W) B

1 - T A A A A A
+ E<]E72[ N >’ (I-aQrn,)Qr N, Qr v, Qrn, (T — 0Qr )

IIMS

I - aQT Nl)QT NgQ‘r N1Q‘r NQ( - QQT,N1)>

\
=
o

[ V)
=
\

2
o
3
z
o
S
5
o
2
z
o
R
5
o
o
R
z
N

+ (B WL Bl (L= aQr, ) Qror, Qriv, @rov (L= aQrvy )] ) - (142)

—('ma
7C1,2

For I3, with probability at least 1 — ¢

m d [d
I3 = ZGQ r—xllaUelmaU;,mazzQ,ma - TN1 (C + O( ) (\f)) (143)
For 14, I5, I, with probability at least 1 — §

|14 gO

W) |15 < O

T) | < O(w)- (144)
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Finally, applying the weight wp,., with probability 1 — T'd !0 the statistical error of MAML is bounded by
. . R? ~ Jd,  ~ 1
2 may __ ma, __ pma 2 el -
Era(05") = wnal |0 (7) — 07" ()1 < 5 (wmaC™ + O/ ) + O( )
d ma Ama %) d ~0 L
T (wmac + oq/ )+ <7>) —(wmacz +0(/ 5)+0(—=))
\/ N1 \/ N2 + O

We can obtain C~'§na in the high-dimensional limiting regime as summarized in Theorem

S

(145)

Theorem 10 (Asymptotic MAML constant) As d, N — oo, d/N — 1, the optimal constant of the MAML
method, Ct®, by tuning the step size o € (0,1/X) and the train-val split ratio s € (0, 1), satisfies

inf lim Cma =1+n
a>0 d,N —
s € (0,1) d/N —n

Proof: We first derive a lower bound for inf , .o limg y - - by
s€(0,1) d/N =1

inf lim C§*®
a>0 d,N —
s € (0,1) d/N —n

. . L ]E[(Z?: (1 _Oé)\z('Nl))2>2 +(Ny+1) (Zl (1 _a)\ENl))4)}
Zd,llflriloo alr;fo dN; ! dngﬂZfﬁ(l*a/\gNl))Q} 1

d/N =7 s€(0,1)
d+ No+1
> i inf —— =1 . 146
_d,NHEoo algo Ny i (146)
d/N =7 s€(0,1)

Next we derive the upper bound for inf , .o limg y - oo C’g‘a As for any PD matrix M € R%x¢, étr(MQ) >
se(0,1) d/N — 7

(étr(M))Z7 then applying this inequality we obtain

. - (d+ Ny +1) , a;(d+ Nz +1)
lim C’ma lim T N y GO < lim A
GNZee T T AN e SRS (1—ahg )] T AN e B2 [(1- 9 L, )]
+(d+ Ny +1 ~(d+ Ny +1
< lim 7l — 3N1) — = lim % (147)
SN EP[(1- B T M) 4 ()
Therefore
. . = . . d+ Ny +1
ma - e
aulfO d, ]5111)10000 - sElr(lOf, 1) d, 15113)100 N2 1+77 (148)
s € (0,1) d/N —n d/N —n
Based on ([146)) and (148]) we arrive at
inf  lim CF*=1+7 (149)

a>0 d,N — oo
s € (0,1) d/N —n
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B.2.4 Statistical error of iMAML
Based on 6™ in (45a)), and W™ in ([45d)), we have

oy oy = (o) (W o)
=1

TN 1
E Wlm) ( E 3 XvalT val —lwlm XtrnT ) )
' (r_1 ’ 7:17 o Ny 7 o TN N

To bound the iMAML statistical error, define

V4

val . valT valT] T NoT
i = [eVT, e T e RY?T,

—1
el Jim = N2 (ZW ) |:72917N1X\1,?Jl\;23 s 7729T,N1X%%1NT2] € RdXNzT

=1
_ (L xtmTxt -1
where Yo v, = (77 X8, X0y, +79I)77, and

trn — trnT trnT N, T
oim = e, el } e R,

—1
62 im = Nl <Z Wlm) ['y_lwilrleXirllT? R a’y_lw’%lr"l,lNthznT] € RdXNlT'

T=1

(150)

(151)

(152)

(153)

(154)

Looser bound. Following similar arguments as the derivation for MAML in (127))-(134), with probability at

least 1 — Td~ 10, we have
207 < 2 (han (BIWIT) e BIOWI?) + 01 + O 01,/ )
+(6(\/g)+6(\/g)+6( )M2+—(cﬁ+ \f)+0(\/&))
o (et -0/ P+ 01) + (55 + 1/ 3) + O3 i)

with C"ivl, and C defined by

=1,
T
im 1 1m 1m — A7im —1/yx7im
cr = —(EW? § ) E[WE[Sg (W] — Bl (Wim)2)).

Tighter bound with Assumption 3. With Uj,,, z;, defined in Lemma we can rewrite (150) as

éE) 01m _UT | Zim + U val U trn

el,im el im e2,im e2 im*

Thus the squared error can be computed by

)im imj2 _ T T .. valT T val trnT T trn
Heo - 00 ||2 _Izim[IimIJimzlmI T Ze1 Uel,imUe1 imZel, lm + Zez 1mU62,imU imZe2.i
L

el,im e2,im“e2,im
]
I 12 I3
T T Val trn valT T trn
+2 ZimUlmUel im el 1m —2 Z UlmUe2 im e2 1m —2 Zel 1mU€1,imU62,imz62,im .
L ]
14 15 IG

To bound term I; in ([158]), from Lemma we have with probability at least 1 — T'd 10

2

R? /. d
— 7l U Ul z < (i
I = 2, Uin Uy, Zim < T (CO +O(f)+(9(,/ ))

(155)

(156)

(157)

(158)

(159)
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For C'(i)m7 by Lemma C.2 in (Bai et al., [2021)),

B[t (P Qe +91a) )+ (N4 1) tr (14 ( Qe +9Ta) )]
2

cim = 3 " — (160)
(GE[tr (*(Qrv, +91a) 7))
For I, first from Lemma

2 Uet iUl i — Eget i 231Ut im UL 23l | = (TN) (161)

1 1 & -1

valT T val x7im
Eeé‘,e,\v”v;m (2e3 im Uet,im Ut imZel im] = TNgtr(<T ;WT ) )
d (1 . 1 1 1 oy

- “tr(E! W‘m) Zt (( W‘m) g W”“) 7 162
TN2<dr( Wir)) + gor T; (Wi (162)

Iy

=01
and by Lemma [2} with probability at least 1 — 7'd~1°

o] < 5(@» (163)

Therefore, combining (161]),(162),(163]) with probability at least 1 — T'd~*°

I < TL(C +O(\/E) (7)) (164)
cim = %tr(Efl[W;m}). (165)

Similarly, for I3, based on Lemma [3] we have

‘zerHInUeZimUZQ,imZZrQI}im - Eoit,e,\v‘vi;n [zerY,li—rrnUe2,imUZ2,imz2rzl,lim}| = O(m) (166)
And similar to the derivations in ERM and MAML, with Lemma 2] it holds that
trn T T trn 1 1 = x7im -2 1 = —2yx7im 1 trnT 3y trnyyx7im
]E9§t,eq—|wi7}" [Ze2,imU€2,imU52,imze2,im] = Ti]\fl< (T ;WT ) ) (? 721(7) WT ﬁlXT X‘T W'r )>
_ 4L w2, LS e ew] - st w60, ) (167)
TN1 d T ) T — T 0, T T T
~or
Combining (166)) and (167)), with probability at least 1 — T'd~'°, we have
Ia — Ztrn_T U, - UT Ztrn < - d (C + O( ) + 6(1 /ﬁ)) (168)
3 e2,im ~e2,im Ye2 im%e2,im = TN1 \/3 T
Following a similar argument, for I4, I, I, with probability at least 1 — §
Vd
I<(97 Is| < O(——=), |Is]| < O(——n—e). 169
131 < O ). 15l < Ol ). sl < Ol 22) (169)
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Finally, applying the weight wi,, we have with probability at least 1 — T'd~'°, the statistical error of iMAML is
bounded by

Aim Aim im R? ~im A d T
E2(0") = w107 () = 05" ()13 < = (wimCE™ + 0<\fT> +0(—))

+TLNQ( %)4_6( %)) +Tijvl<wlmc~'in§+(5(i)+ O( %))

~/R |1 R /1 ~/1 d
gy LY - . 1
+O(T N7 NQ)HQ(T N1N2) (170)
Theorem 11 (Asymptotic dominating constant of iMAML) (Bai et all|2021) As d,N — oo, d/N — 1,

the optimal constant of the iMAML method, C'(')’i, by tuning the regularization v € (0,00) and the train-val split
ratio s € (0,1), satisfies

wiméiﬁ + 6(

inf lim Cim=1+47.
vy>0 d,N — oo
s € (0,1) d/N —n

B.2.5 Statistical error of BaMAML

Based on the expressions of 5% and WP, we have
T T
opr — o5 =( oWy ) (Do whn(es - 6p)

T=1 T=1

T T

A7 IT -1 _all Ty—1
(W) (XN, el - XURTE L ey, ) (171)
T=1 T=1

where E;}V =(Iy+ VJIXT,NXIN)_1~
To bound the statistical error of BaMAML, define

ZZ}La = [edT, ... ed!T] Te RNT, (172)
1 /= apn L
Ul = E(ZWE?N) {X{Nz;}v,...,X;NZ;H € RNT (173)
=1
20, = [T, ... ,e}r“T]T € RMT, (174)
1 /e -1
Ul = E(ZWE?N) XTIy X P Ty k| € RN, a75)
T=1

Looser bound. Following similar arguments as the derivation for ERM in (110))-(116]), with probability at least
1 —Td~'° we have

E2,(05) < (i (BIWP]) ™ A BIW?)?]) + O(10) + O(—-) + 6<ﬁ>)

y
(@08 o)

. 1.~ [d. =1 ~/ R
(¢ +o(5) + O f)+0(ﬁ))+0(m). (176)
with CP? defined by

O = (BIWPT (1= ) BT+ (99)7 Q) QT+ (79) Q) ™ = sl +77' Q)7 Qe Ty 771 Q0) )

< (BIWST™ (1= )71 (1= SB[y + (15) ' Q7) ' Qe (Tu+971Q,) 1) = 1. (177)

QU —



Is Bayesian Model-Agnostic Meta Learning Better than Model-Agnostic Meta Learning, Provably?

Tighter bound with Assumption 3. With Uy,, zp, defined in Lemma [7]

nba ba T T T
00 - 00 :Ubazba + Uelybazel,ba - UezybaZeQ,ba (178)
Aba ban2 _ T T allT T all trn T T trn
||00 - 00 H2 - zbaIJbaIJbaZba + zel,baUel,baUel,bazel,ba + ZeQ,baUEQ,baUeQ,baZBQ,ba (179)
| B —— I | 1 L 1
I Iy I3

T trn
+2 ZbanaUel ba 51 ba -2 ZbanaU(>2 ba 62 ba -2 ZPl baUGl,baUeQ,bazeQ,ba .
1

Iy Is Is

To bound term I; in (I79)), from Lemma [7] we have with probability at least 1 — T'd~1°

I = 2, Upa U2, < *(C + 0(7 (\/E)) (180)

To compute é};a, by Lemma

- 1 ~ 1 . -2
e <Lefo(owi )] (Lele(wn)] w0
For term I5, based on Lemma |3 the absolute error around the expectation is given by

~(Vd
22 Ueba Ul a2 — Egst o s 220 U ULzl = O (25 (182)
where the expectation is given by

E9§t7eT\W‘ja [ elll—lzaUel,baU;rl baZ Zlfba] —tr(Uel,baU;rl,ba>
d 1 d -2 1 «

x7ba R N —1A —1A 1A -1
=% T§_1:WT,N) [(1=s) (TT§_13<Id+<vs> Q) Qe (La+ (1) Q) 1))

S]“djv{é( %) + Icll <E[WE?N]727 (1 — S)ilE[(Id + (73)71QT,N)71QT,N(Id + (78)71QT,N)71]> } (183)

:C"fﬁ
Similarly,
Eg§t’eT|WE:&N [z;gybaUeZbaUzQ’bazeZ,ba]
d %) d 1 x7ba 1—2 —1 —1A —1A —1A -1
<78 OO/ 5) + G (EIWEN 2 5(1 = ) ElLi+ 77 Qrom) 7 Qr L #9771 Qrne) 1) 1+ (184)
: —Cba !
1,2

Cba = C~'}) C’l %, combining the above derivations with Lemma [2| gives the higher order terms, which leads to

a d =~ a 21 d
EG%“,eAVAV?_‘a [ EIL—QUC baUe JbaZ el%aa] < ﬁ(C}) + O( T)) (185)

Combining (182)) and (185), with probability at least 1 — T'd~1°, we have

d /d
— HallT '111 < ba - el
IQ Z, baUe baUe baZe,ba > TN (C + O \/>) ( )) (186>
Following a similar argument, with probability 1 — ¢, |I3] < (5(%)

Finally, applying the weight wy,, with probability 1 — T'd~'°, the statistical error of BaMAML is bounded by
2 (pba Aba ba |2 R’ ~ba %) d A~ L
E5.08%) =uwnall 05" — 03° < = (wnaCi* + O ) + O(72))

T (e +0(\/7> 0(52) +0 (7)) (187)
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Theorem 12 (Asymptotic BAMAML constant) As d,N — oo, d/N — n, the optimal constant of the
BaMAML method, C8*, by tuning the regularization y € (0,00) and the train-val split ratio s € (0,1), satisfies

{:1, n e (0,1],

inf lim CP?
1 <n ne (1)

vy>0 d,N — oo
s €(0,1) d/N —n

Proof: Adopt the Stieltjes transform to obtain lim, y _ o C'(‘)’a as a function of v, s,n, given below. For all
d/N —n

w1, wy > 0,1 > 0, define

1 Aoy —1
W)= i fIE[t ( I )}
s(w1, wo) AN d LT (w1lg + w2 Q)

whose closed form solution is given by

n—1—wi/ws+/(wi/w2 +1+1n)2—4n

s(wy,we) =

21wy
V(wi/wa +14m)? —dn— (wifwa +14m) +2 _ 1
B 21wy Twr

sl wn) =[(Uwa + (1 n)fn)? — dfud)
((1/wz + (14 n)/wr) (1 +n) — dn/wr) (—w; ®) + (1 = nwi ] /27

diMS(wl,wz)lel — = ((fws + 14+ )2 — 45) "2 (1w + (1+ ) (1 + 1) — 45) + (1 — )]/27.

Therefore

1 Ao -1
fIE[ (I ~1 )}: 1L,y <1
d,Nchlnl,%/Nan d tr ( a7 QN) s(Ly™) <

where by L’Hospital’s rule,

VO+1+n)2—dn—(y+1+n)

. T
7hﬁrrolo s(1,~y )fwlgrgo o +1
i YO TR0/ =/ = Ay 1)

VO+1T+n)2—dn—(y+1-1n)

~y—0 v—0 27]
_ g 1= =m) )0, n € (0,1];
=0 2n 1—%7 n € (1,00).

By the derivative trick,

e B (ki) )] = Gston
(

1 A -2
f]E[t I+t )}
d,N—)ogfil/N—m d 3 ( 4t QN)

=[((v+14mn)* —4n)"

[NIE

(v + @ +n)A+n) —4n) — (1 —n)/2n

Therefore
_l4n-0A-n _,

im  lm  LE [t (s + w2Qu) ) »

Y00 d,N—o0,d/N—n
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lim lim 1]E{tlr ((wlld —&—wzQN)f?)}

:|77_1|_(1_77): 0) 776(0’1],
¥—0d,N—o0,d/N—n

2n 1—5, ne (100

For éE[tr ((Id + ’Y_lQNl)_l(Id + (’}/8)_1QN)_1)}, first lim., o0 (Ig + 7‘1QN1)_1 =1, therefore

lim %E[tr((IdJr’leNl)il(IdJr(’ys)*lQN)il)] = lim éE{tr ((IdJr('VS)ilQN)il)]

y—00 Y0

N ey a0
i, i 2B [er((L 7 Q) (W 09)71Qn) )]
Z’y—}Od’/N—)'r]

o o A -1y1 o n € (0,1];
_'yli»moo . IIVHEOO gE[tI‘((Id + (v9) QN) )} = { _ l, n € (1,00).
sy —0d/N —n K

Then

. . ~ . . = 1 € (0,1];
inf lim Cga < lim lim C’ga: o e .1

>0 d,N — oo v —=oco0od, N - o n, 776(1,00)
s € (0,1) d/N —n sy =0 d/N —n

Note C’é’a > 1, therefore

~ =1, € (0,1],
inf  lim Cb® { B g (1 ] (188)
0 d,N [e)
sg(>0,1) d/N:in " 7]6( ,OO)
O
B.2.6 Comparison of the dominating constants
Based on Theorem [0} [I1] [I2] we have
inf  lim CP* = inf lim CY'> inf lim Cp* (189)
a€(0,1/2)d, N — oo v>0 d,N — oo v>0 d,N — oo
s€(0,1) d/N —n s€(0,1) d/N — 7 s€(0,1) d/N — 7

Considering the weighted version, recall that wm, = (1 — a@)? > 0 wim = (1 + 97172, lim,0 wim = 0,

Wha = (1 + 7711 + (vs)71) 7L, limy 0 wpa = 0. Therefore inf.~owim = infysgwps = 0 < inf e (0,1/%) Wmas
thus the comparison of dominating coefficients in the statistical errors of different meta learning methods can be
summarized below

inf lim  wpCP* < inf  lim wyn O (190)
¥y>0 d,N — o a€ (0,1/X)d, N = o
s € (0,1) d/N —n s € (0,1) d/N —n

inf lim wing‘ < inf  lIm  wp Oy (191)
>0 d,N — oo a € (0,1/A)d, N — oo
s€(0,1) d/N —-n s € (0,1) d/N —n

Combining with the comparison in optimal population risk, we can conclude that, under Assumptions 1-
3, when ~y is sufficiently small, it is guaranteed that iMAML and BaMAML will have smaller meta-test risk than
MAML. Furthermore, BaAMAML has strictly smaller dominating constant in statistical error compared to iMAML
under optimal choice of v and s, as d, N — co,d/N — n > 0.

C Additional experiments and details

C.1 Experimental details

All our experiments are conducted on a workstation with an Intel 19-9960x CPU with 128 GB memory and four
NVIDIA RTX 2080Ti GPUs each with 11GB memory. Our experiments for linear synthetic data are conducted
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Table 2: Comparison of different MAML on image classification (testing loss (NLL) with std., code modified
from (Nguyen et al., 2020))

minilmageNet
Method 1-shot 5-way  5-shot 5-way
MAML 1.41 £0.04 1.18 £ 0.06
BaMAML | 1.38 +0.05 1.15 £ 0.05
TieredImageNet
Method 1-shot 5-way  5-shot 5-way
MAML 1.36 £ 0.08 0.99 + 0.02
BaMAML | 1.0540.06 0.76 £0.01

on MATLAB R2021a with CPU only. And our experiments for sinwave regression and real classification are
conducted on Python 3.7, PyTorch 1.9.1 with one GPU.

For sinwave regression and real image classification, Adam optimizer is used. The hyperparameters of all
experiments are chosen based on grid search. In sinwave regression experiments, the learning rate for ERM
is initially 0.0001, while the learning rates for both base-learner and meta-learner in MAML and BaMAML
are initially 0.001, except that in the experiments with N = 1000,7 = 100, s = 0.5, the initial learning rate of
BaMAML for both base-learner and meta-learner are initially 0.0001. The learning rate decay is set to be 0.98
for all methods. The number of model parameter samples used for BaMAML is 10. In real image classification
experiments, the CNN architecture used is ResNet18. The initial learning rate of MAML and BaMAML are 0.001.

C.2 Real datasets

Experiment settings. We test the performance on the 5-way minilmageNet classification (Vinyals et al., |2016])
and TieredlmageNet. MinilmageNet consists 100 classes of images, each with 600 examples. The classes are split
into 64, 12, and 24 for train, validation and test, respectively, following (Finn et al., [2017)). Note that, since in
this setting ERM without adaptation to new classes does not have practical meaning, we do not compare with
ERM in this setting.

Results. The meta-test loss under different settings are provided in Table 2] where BaMAML shows comparable
testing loss on minilmageNet and higher testing loss on the TieredImageNet dataset.



	INTRODUCTION
	Related Works
	Our Contributions

	PROBLEM DEFINITION AND SOLUTIONS
	Problem Setup
	Meta Linear Regression

	META-TEST RISK ANALYSIS
	Optimal Population Risk Analysis
	Statistical Error Analysis
	Sharp Statistical Error Analysis

	EXPERIMENTS
	Linear Regression
	Sinusoidal Regression

	CONCLUSIONS
	Formulations and closed-form solutions
	Empirical risk minimization formulation
	Model agnostic meta learning method
	Implicit model agnostic meta learning method
	Bayes model agnostic meta learning method

	Optimal population risk and statistical error analysis
	Optimal population risk
	Statistical error
	Supporting Lemmas
	Statistical error of ERM
	Statistical error of MAML
	Statistical error of iMAML
	Statistical error of BaMAML
	Comparison of the dominating constants


	Additional experiments and details
	Experimental details
	Real datasets


